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Abstract.
Damage in the form of Vickers indentations was introduced 
into the carefully prepared surfaces of copper single crystals. The 
specimens were cycled in reversed bending at a low strain amplitude 
(?t ^  8 x 10 ). Preliminary experiments showed that persistent
slip bands readily nucleated in the locality of the indentations but 
did not form in the regions between them. Subsequent experiments were 
designed to isolate the features of the indentation primarily 
responsible for the enhanced formation of PSBs. Potential causes of 
local stress enhancement were considered to include stress concentration 
due to a surface pit, stress enhancement near a hardened zone centred on 
the indentation and residual stresses. Simple models were developed 
and the stress distributions associated with each of these effects were 
calculated.
The results both of experiments and the calculations of the 
stress distribution showed that the enhanced PSB formation near indent­
ations was an effect of the plastic deformation produced by indentation 
rather than a result of stress concentration near a surface pit.
However, the results of fatigue tests in which specimens were annealed 
after indentation showed that such stress concentrators were potentially 
damaging. These experiments also showed that the dislocation structures 
remaining in the locality of indentations after high temperature anneal­
ing treatments contributed to the enhanced nucleation of PSBs.
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CHAPTER 1
Introduction.
Microcracks generally originate at the surface of a 
material thus its fatigue life depends very strongly on the state of 
the surface layer. Damage to the surface of engineering components 
may therefore play an important role in initiating fatigue failure.
In this thesis the effects of surface damage on the basic 
mechanisms of fatigue have been studied. Copper specimens were used 
for the fatigue tests since the fatigue properties of this material 
have been studied extensively; a review of these studies is given in 
Chapter 2. In particular they have shown that persistent slip bands 
(PSBs) play a fundamental role in the fatigue hardening process and that 
they act as nucleation sites for cracks. In view of this, the effects of 
surface damage on the nucleation and propagation of PSBs have been 
specifically examined in this thesis.
Damage in the form of Vickers indentations was introduced 
into the carefully prepared surfaces of copper single crystal specimens. 
These were fatigue tested at low strain amplitudes in a machine 
constructed specifically for these experiments. The specimens were 
strained in reversed bending between fixed total strain limits. They 
were shaped so that a reasonably large, flat test surface was available 
over which the strain was approximately uniform. The testing system 
enabled PSB nucleation and development to be studied but was not suitable 
for observing fatigue failure. Details of specimen preparation and the 
fatigue testing techniques are given in Chapter 3» The results of the 
fatigue tests are given in Chapter *t.
Preliminary experiments showed that slip bands developed 
in the locality of indentations but did not form in other areas.
These bands have been referred to as PSBs throughout this thesis 
but it should be noted that no specific associated dislocation 
structure has been assumed. Subsequent experiments were designed 
to isolate the features of the indentation responsible for the early 
PSB nucleation.
Indentation of the copper single crystals resulted in a 
pyramidal pit surrounded by a plastically deformed zone in which slip 
traces parallel to at least three of the ^lll] slip planes were 
observed. The slip planes corresponding to these traces and the most 
probable slip directions are identified in Chapter 5» This chapter 
also includes an account of some of the models of the mechanism of 
indentation.
Potential causes of stress enhancement near indentations 
include the stress concentrating effect of a surface pit, stress 
enhancement due to a hardened zone centred on the indentation and 
residual stresses. In Chapter 6 simple models were developed in order 
to estimate the stress distributions arising from each of these effects.
The results of the fatigue tests and the calculations of the 
stress raising effects of the indentations are discussed in Chapter 7-
CHAPTER 2.
Fatigue in Copper.
2:1 Fatigue in face-centred cubic materials.
When annealed face-centred cubic materials are cyclically 
strained, they undergo three general stages of deformation. The 
initial stage is cyclic hardening which is followed by a quasi-steady 
state of deformation known as cyclic saturation, the final stage being 
material failure. During cyclic hardening fine slip lines parallel to 
the trace of the primary slip plane are observed to form all over a 
specimen’s surface. As cyclic saturation is approached some of these 
develop into the coarser bands known as Persistent Slip Bands (PSBs). 
These are so called because if they are polished away they reform in 
the same positions when cycling is continued (1).
Associated with the surface markings known as PSBs are 
distinct dislocation structures extending into the bulk of the 
material. Thus PSBs are a bulk and not merely a surface phenomenon.
It has usually been supposed that they are confined to surface grains 
in polycrystalline materials but recent studies (2) have shown that 
they may form in the interior grains. In single crystals PSBs extend 
through the whole bulk.
Microcracks in homogeneous materials always nucleate at 
free surfaces but in macroscopically inhomogeneous materials cracks 
may nucleate internally. In f.c.c. single crystals the nucleation 
sites for cracks are usually fatigue slip bands. Grain boundaries in 
polycrystalline materials and surface inclusions in some commercial 
alloys may also act as nucleation sites.
Microcracks nucleate at intrusions at the surface. On 
further cycling they grow into the bulk and may link together.
The majority of microcracks stop propagating quite early, relatively 
few achieving a length greater than a few tens of microns. Initially 
the direction of growth is along the primary slip plane - this is 
known as stage I crack growth. With increasing crack length, the 
crack plane changes from the active slip plane to a non-crystallographic 
plane perpendicular to the stress axis. This is referred to as stage II 
crack growth. During this stage usually only one crack is propagating. 
The crack length corresponding to the transition from stage I to 
stage II growth depends on the stress amplitude, the lower the 
amplitude, the longer the crack length, but it is generally of the 
order of a few hundred microns. The rate of crack growth is much 
lower in stage I than in stage II, thus usually a larger proportion 
of the fatigue life is spent in stage I crack growth than in stage II. 
Stage II ends in fracture.
Since cracks initiate at the surface, the fatigue life is 
strongly influenced by the surface finish and surface treatment.
For example, second phase particles such as inclusions and precipitates 
which have different elastic properties from the matrix, scratches and 
notches may all act as stress concentrators which result in shortened 
nucleation times. Treatments such as work hardening of the surface 
layer result in residual stresses which may affect fatigue life; 
compressive residual stresses at the surface are usually beneficial 
whereas tensile residual stresses reduce fatigue life.
Fatigue life is also affected by stress asymmetries.
Specimens cycled only in compression typically have longer life times
than specimens cycled only in tension or in tension-compression 
(3)* Kaplan and Laird (k) found that cracks did not nucleate in 
single crystals of copper cycled in repeated compression and cracks 
introduced into such crystals did not grow. Slip bands did, however, 
form on these crystals but they were thinner than the PSBs observed 
on specimens cycled in tension and compression at comparable amplit­
udes.
2:2 Persistent Slip Bands in Copper.
PSBs in copper have been observed to nucleate preferentially 
at sites such as lineage boundaries or polishing pits (5). Thereafter 
they tend to nucleate and grow near existing bands. The number of 
PSBs is dependent on the plastic strain amplitude, increasing with 
increasing strain amplitudes. In specimens cycled at successively 
increasing amplitudes, the individual PSBs tend to be broader than those 
in specimens cycled only at the final plastic strain amplitude. However, 
the surface area covered with PSBs is similar in the two cases (6).
The most damaging aspect of the PSBs is the surface topography 
they produce. If the PSBs are periodically polished off the surface of 
a specimen during the course of fatigue cycling, the life of the 
specimen may be greatly extended. Thompson et al (1) showed that the 
life of copper specimens could be doubled and subsequently life increases 
of at least ten times have been shown (7, 8) by such surface removals.
At the surface, PSBs consist of both extrusions and intrusions. 
A number of studies (9■» 10) have indicated that at the sites of 
emerging PSBs, a net protuberance exists in the direction of the active 
slip vector. Such protuberances develop early in fatigue ( » 10^ cycles
_3
for ^ 7 * 5 x 1 0 ) .  As cycling continues the surface within the
PSB becomes roughened and eventually ( ^  5 x 10 cycles at ^
_3
7*5 x 10 ) a marked notch-peak topography develops (11) The
development of this surface roughness is largely attributed to the 
non-reversible component of slip i.e. when slip on the forward and 
reverse parts of the cycle take place on different planes of a slip 
band.
At the regions of the surface where PSBs emerge, two types 
of stress raisers develop namely the PSB-matrix interface and the 
notches of the rough surface of the PSBs. Since large numbers of cycles 
are needed to develop the surface roughness within the PSBs, cracks 
are found to initiate predominantly at the PSB-matrix interfaces (12). 
There does not appear to be complete agreement among workers on which 
side of the PSBs cracks preferentially form. Both Neumann (13) and 
Hahn and Duquette (1*0 found that stage I cracks nucleated preferentially 
on the side at which the PSB-matrix interface made an acute angle with 
the surface, A in fig. 2*1, while Laufer and Roberts (3) reported 
preferential formation of intrusions (microcracks) on the side making 
an obtuse angle.
In single crystals of copper, the volume fraction of PSBs 
is found to increase linearly with plastic strain amplitude (15)• No
_5
PSBs are formed below a critical plastic strain amplitude ( 6 x 10 ).
This is identified as the maximum strain v/hich can be accommodated by 
the matrix structure. Thereafter enough PSBs are formed to accommodate 
increases in strain and the strain becomes localised in the PSBs. At 
a second critical plastic strain amplitude, Y pgg (7*5 x 10 ) the
whole of the specimen is expected to be filled with the PSB structure.
At amplitudes higher than this the PSBs give way to a fatigue cell
structure.
The saturation shear stress in fatigue is related to the 
plastic strain amplitude in the manner illustrated in fig. 2*2.
Over much of the range for which PSBs form, the saturation shear 
stress remains constant at rj 27 MPa.
In strain controlled tests on copper single crystals, PSBs 
nucleate just prior to saturation at which stage cyclic softening 
also occurs. Cyclic softening is interpreted as the matrix structure 
being broken down and replaced by the ladder structure of the PSBs. 
Mughrabi (6) correlated PSB nucleation with specific changes in the 
shapes of hysteresis loops. From this he inferred that the stress 
necessary to nucleate PSBs was dependent on the plastic strain
amplitude ( t ) being ^ 28 MPa at ^ ^  1°5 x 10 and about half
as much at 'a = 5 x 10
2:3 Dislocation Structures in Fatigue of Copper.
The PSBs consist of lamellae ^ 1 /jlw\. thick lying parallel to
the active slip plane which have a significantly different dislocation 
structure from the matrix in which they are embedded (10, 16, 17)•
Studies of PSBs in crystals of single glide orientation have 
shown that both the matrix and the PSBs consist of regions of high 
dislocation density separated by dislocation poor regions. In the 
regions of high dislocation density, the dislocations are predominantly 
of edge character and form dense multipolar bundles or ’veins’ in the . 
matrix and walls in the PSBs. In the channels separating the veins or 
walls the dislocations are mainly of screw character. The density of 
free (mobile) screw dislocations is higher and the secondary dislocation 
content larger in the PSB structure than in the matrix (18). However
at the higher strain amplitudes (in the intermediate range) the 
secondary dislocation content in the matrix increases and long range 
residual stresses develop (18).
In the PSBs the dislocations form ladder like arrangements 
of walls which lie perpendicular to the primary Burger's vector. The 
separation between these walls is ^  1*3 um. for pure copper at room 
temperature fatigue. The individual dipoles which constitute the 
multipolar walls appear to be predominantly of a vacancy type (19) and 
the inter-dipole, spacing is markedly larger than the average dipole 
width (19, 20).
Dislocations annihilate in pairs by encounters of screw 
dislocations of opposite signs in the channels and of edge dislocations 
in the walls. Screw dislocations are formed by edge segments bowing 
out of the walls and traversing the channels. Screw dislocations 
gliding along the channels generate edge dislocations along the walls.
The annihilation of narrow edge dislocation dipoles in the 
walls of the PSBs produces point defects. It is probable that vacancy 
rather than interstitial formation dominates since not only are the 
dipoles predominantly of a vacancy type but also the formation energy 
of a vacancy is considerably lower than that of an interstitial (21).
In high amplitude fatigue a dislocation cell structure 
develops. This structure is not limited to regions associated with 
the surface slip markings but occurs generally within the bulk of the 
material (22). The cells which form in fatigue nearly conform to the 
theoretically derived minimum energy structure (23). Cell formation 
always requires more than one Burger's vector direction (2^-28) and is 
triggered by the onset of multiple glide (23).
2ib Nucleation of Cracks.
A great number of models have been proposed for the 
nucleation of cracks. The proposed mechanisms applicable to crack 
nucleation at the root of intrusions in fatigue slip bands can be 
roughly divided into four groups.
1. Models which do not distinguish between microcracks and 
intrusions.
The basis of this type of model is repeated slip on one or 
more systems leading to a continuously deepening microcrack (29-32).
2. Models which distinguish between microcracks andf intrusions. 
In these models, microcracks are nucleated from jintrusions S
when the stress concentration around the notch cannot be further 
released by slip processes and they are sufficiently high to enable 
local brittle fracture to occur (33).
3. Condensation of Vacancies.
Cyclic deformation produces a higher number of vacancies 
than monotonic loading. As the PSBs exhibit higher plastic strain 
amplitudes, the vacancies generated could link up to form voids. 
However, since such models require vacancy diffusion they cannot 
explain the fatigue crack nucleation and propagation which may take 
place at temperatures as low as 1*7 K (3^).
b. Loss of coherency across a slip plane due to accumulation
of defects.
The basic idea of this type of model is the formation of 
configurations of dislocations in critical places leading to local 
increases in stress or energy sufficient to destroy crystal coherency 
in small regions (35 - 37).
2:5 Effects of Stressing Copper Specimens Prior to Fatigue.
Specimens deformed in tension or compression prior to 
tension-compression fatigue may approach cyclic saturation by work 
softening. Cyclic softening only occurs under conditions of reversed 
plastic strain (58), i.e. specimens pre-strained' in tension will not 
soften if cycled in tension only (59)* Broom and Ham (**0) found that 
for monocrystalline copper softening only occurred when the range of 
cyclic stress exceeded a critical value (6l MPa).
The cyclic saturation stress is found to be independent of 
the pre-strain (58, 4l, ^2). In low amplitude fatigue of polycrystalline
5
copper (number of cycles to saturation > 10 ), the saturation stress 
is found to increase slightly with pre-strain but the effect is 
negligible for strains <. 20?o.
Specimens deformed in tension or compression exhibit a 
dislocation cell structure. The cell walls are broad and loosely 
organised and some dislocations occur within the cells. After cycling, 
either at high or low amplitudes, such specimens have the well developed 
cell structure typical of high amplitude cyclic deformation. This 
consists of narrow cell walls with the interiors almost completely free 
from dislocations. The cell size is found to be a function of the 
amplitude of cycling. The cell structure once formed, whether by high 
amplitude cycling or a pre-strain cannot be removed by cyclic deform­
ation (kl).
Winter (4-2 ) fatigued copper single crystals at low amplitudes 
after applying stresses in the range 20 MPa compression and ^5 MPa 
tension. Differences in the peak stresses in the tensile and 
compressive strokes disappeared within the first hundred cycles
indicating that residual (body) stresses were quickly destroyed by 
fatigue. Tensile pre-strains did not have any effect on the volume 
fraction of the specimen consisting of PSBs but compressive pre-strains
resulted in a lower volume fraction of PSBs than occurred in
unstrained specimens. Basinski et al (^3) compared the fatigue life 
of copper single crystals pre-strained to a flow stress of 18 MPa 
with that of crystals not pre-strained. They found that such a pre- 
strain extended fatigue life by about five times.
PSBs on specimens pre-strained in tension are fragmented 
and more uniformly distributed than those on unstrained specimens or 
on specimens pre-strained in compression (^2, ^3 , Mt).
2:6 Residual Stresses.
Tensile residual stresses at the surface are detrimental in
fatigue situations as they result in a shortened fatigue life.
Compressive residual stresses at the surface on the other hand are 
usually beneficial leading to extended fatigue life times (^5i ^6). 
However it is not clear from the literature how residual stresses 
affect PSB formation. Mean compressive stresses are found to be 
effective in resisting crack propagation and in some cases have also 
been shown to retard crack initiation (^5* ^7)* Some workers, however, 
maintain that such residual stresses have relatively little effect on 
the crack nucleation stage (^8).
Residual stresses may generally be considered as the 
equivalent of externally applied mean stresses (^9)* Care must be 
taken when applying this assumption since residual stresses are not 
uniformly distributed through a specimen and stress relaxation may 
occur either by heat treatment or fatigue.
Both macroscopic and microscopicic residual stresses 
develop during fatigue. Koves (50) correlated such stresses with 
the development of fatigue slip bands on copper specimens cycled in izero- 
tension , bending. The residual stresses were measured by an X-ray 
diffraction method; macroscopic stresses were measured by line shift 
and microscopic stresses by line broadening. Residual macroscopic 
stresses at the surface rose to a peak value of l / 3  of the 
applied stress during work hardening. They then fell off as the 
first slip bands appeared. The microscopic stresses also increased 
during work hardening reaching a plateau which was maintained while 
the slip bands developed. All the measured residual stresses at the 
surface were tensile.
CHAPTER 3
Experimental Techniques
3:1 Fatigue Testing Techniques
The simple fatigue machine shown in fig. (3:1) was 
constructed for the experiments described in this thesis. The 
specimens were cycled-in reversed bending and were designed so 
that a reasonably uniform distribution of strain was obtained over 
the surface along the central axis.
Initially the specimen shape shown in fig. 3:2(a) was
tested but this was found to result in a non-uniform strain
distribution along the specimen length with a large concentration of 
strain occurring at the wide end. The basic shape shown in fig. 3:2(b)
was then considered and the strain distribution along the tension axis
was calculated for the load applied at the positions marked A, B and 
C. An outline of the procedure and the results of the calculations 
are given in Appendix A. This showed that uniform strain should be 
obtained if the load is applied at position B.
Specimens of the shape and dimensions shown in fig. 3-*3(a) 
were used for all the experiments described in this thesis. The load 
was applied to the narrow end and this corresponds to loading at 
point B in fig. 3:2(b). Preliminary tests on polycrystalline specimens 
of this shape showed a reasonably uniform distribution of strain on the 
surface as judged by the formation of slip lines.
The specimens were firmly clamped at the wide end; the 
narrow end was a sliding fit into a ball. The ball itself was made 
a sliding fit into a square clamp in which it was free to rotate, as
shown in fig. 3:3(b). Initially a more rigid clamping arrangement 
was used at this end but this was found to result in large local 
strain concentrations. The specimen was fatigued by deflecting 
the square clamp vertically between fixed limits, its movement being 
determined by the rotation of an eccentric wheel. The amplitude 
could be adjusted by changing this eccentric wheel. Four wheels
were provided giving total Strain amplitudes at the
—h —h —U
surface of 2 x 10 ' (Wl), k x 10 (W2), 8 x 10' (W3) and
9 x 10^  (W*f).
3:2 Crystal Growth and Specimen Preparation.
Crystals were grown to the required specimen shape in split 
graphite moulds using a modified Bridgeman technique as shov/n in 
fig. 3:^. Specimens were cut from both commercially pure and high 
purity (99*99 + %) copper sheet to fit the moulds. Specimens were 
cleaned by chemical etching then placed in the moulds which were 
firmly bolted together before being placed in an alumina tube. The 
tube was maintained at a low pressure (less than 0*2 X ) by the use 
of a rotary pump throughout the growth process. The lower end of the 
vertical furnace (Johnson Mat they type V^ *fA) was closed and the 
temperature adjusted so that the hottest part was maintained at 
1100°C. Under these conditions the temperature gradient at the 
region of the furnace at the melting point temperature of copper 
(1083°C) was 'v 8°C/mm. The alumina tube was positioned so that
the specimen was initially in the region held above the melting point 
temperature. The tube was then lowered through the furnace at a rate 
of 2 cm/hour.
Initially, randomly orientated crystals were grown using the
mould illustrated in fig. 3:5(a) while pairs of similarly 
orientated crystals were obtained by use of the double-mould 
fig. 3:5(b). Subsequently crystals were prepared by growth from 
seed crystals using the mould shown in fig. 3:5(c). The seeds were 
rods of square cross section with dimensions 2 mm x 2 mm x 36 mm and 
were cut from previously grown crystals by spark machining. All the 
moulds had flat lids.
The crystals were lightly etched using 1C$ ammonium persulphate 
solution before being orientated by the Laue back reflection method.
The crystal surfaces were prepared by mechanical polishing
using emery papers followed by diamond lapping compounds. The specimens
o
were then annealed under vacuum ( < 10 ) for 1 hour at 700 C.
Finally the crystals were electropolished in a mixture of methanol and 
nitric acid in the ratio 3:1 held at a temperature of -5°C using a 
stainless steel cathode.
3:3 Crystal Orientations
In table 3:1| the notation used in this thesis to identify 
the slip planes and slip directions is defined and the twelve 
possible <\\o> slip systems are listed. Using this notation
the primary system (lll)/[lOll is BIV.
Fig. 3:6(b) shows the position of the tension axis to 
in the standard stereographic triangle for the orientations of crystal 
used in the experiments described in Chapter Points t^ and t^ 
indicate the directions parallel to the edges of the specimen, marked 
ab and cd respectively in fig. 3 :6(a).
However the fatigue testing method was not found to be 
suitable for all orientations. In particular, specimens of the
orientation K shown in fig. 3*6(c) became permanently distorted 
after cycling using the wheel ty3. Table 3:2 gives the angle between 
the normal to the specimen surface and the slip direction for the 
primary system for orientations E to K. From this it may be seen 
that the smallest angle (30°) occurs for orientation K. Thus this 
orientation is expected to experience larger displacements in the 
direction normal to the surface than any other orientation tested.
This may therefore account for its being unsuitable for the fatigue 
testing system. The angle between the surface normal and the primary 
slip direction was greater than or equal to 39° for all the orientations 
which were successfully used.
Fig. 3:7 shows the variation in the Schmid factor across the 
specimen for the most highly stressed slip systems (those for which 
the Schmid factor was greater than 0*3) for orientations E to J.
3:^ Introduction of Surface Damage
3:^:1 Indentations
Indentations were made using a Vickers diamond indenter.
This indenter is a square based pyramid, the included angle between 
opposite faces is 136° and the ratio of depth to diagonal length is 
1:7* A 30g load was used and this typically produced indentations 
which were ^ 85 ^  in diagonal length and ^  12 /*«>. deep. The indent­
ations were positioned close to the axis of the specimen. They were 
either orientated so that two of the edges were approximately parallel 
to the tension axis or at ^3° to it. These are referred to as 'S'
(side parallel to tension axis) and 'D' (diagonal parallel to tension 
axis) type indentations respectively, fig. 3:8.
3:^:2 Etch Pits
Etch pits were introduced electrolytically. This was 
achieved by using the previously described nitric acid and methanol 
polishing mixture at room temperature. The etch pits produced in 
this manner were faceted but their intersection’ with the surface was 
approximately circular. The pits had a wide range of sizes, the 
largest were ^  19 /*">■ deep and 58 ^  in diameter which is comparable 
in size with the standard indentation although somewhat deeper.
3:^:3 Co-ordinate Systems used to Identify Positions on the Surface
of a Specimen.
(a) Positions of indentations or etch pits.
The positions of individual indentations or etch pits are 
specified by their ( £ , cL ) co-ordinates defined in fig. 3 :6(a).
(b) Positions near an Indentation or Etch Pit.
The co-ordinate system defined in fig. 3*9 was used throughout 
the thesis to identify positions near an indentation or etch pit.
Radial distances were measured from the indentation or etch pit centre
and angular distances were measured from the tension axis. It was
sometimes found convenient to specify radial distances in terms of 
’a 1, that is, half the diagonal length of an indentation or the radius 
of an etch pit.
3:5 Testing Procedures and Observational Techniques.
3:5:1 Final specimen preparations before fatigue.
Additional treatments were carried out on some crystals.
(a) Annealing of Indented Specimens.
Some specimens were indented and then annealed under vacuum. 
Additional indentations were made after this annealing so that annealed
and unannealed indentations could be compared on the same 
specimen.
(b) Polishing Back.
As mentioned previously, some crystals were lightly 
electropolished after indenting. Others were given a longer electro­
polish so that the indentation pits became very shallow or were removed.
(c) Annealing and Polishing Back.
In one case treatments (a) and (b) were combined. A specimen 
was indented then annealed at a high temperature. After additional 
indentations were made the surface was polished back so that the 
indentation pits were no longer visible.
3:5:2 Fatigue of Specimens.
Host specimens were hardened by using each of the lower 
amplitude wheels for several hundred cycles before cycling at the 
finally selected amplitude. This was necessary to prevent specimens 
becoming permanently distorted when cycled at the higher amplitudes.
Q “ ^Generally the final amplitude was = 8 x 10 (W3)« although in a
few cases the slightly higher amplitude of = 9 x 10 (VA) was used.
The cycling process was interrupted at intervals and the specimen
removed for examination under the optical microscope. In most cases
5
cycling was continued for ^  10 cycles. Cycling could not be continued 
until fracture since after large numbers of cycles ( <0 10 ) the
narrow end of the specimens became worn and in some cases distorted.
3:5:3 Observation of Slip Bands.
The fine slip traces produced by indentation were not readily 
observed under the optical microscope when using bright field, reflected
light conditions. A Nomarski contrast attachment was used on a 
Reichart MeF optical microscope to observe and photograph these 
bands.
The development of slip bands near regions of surface 
damage was observed using a Reichart Zetopan optical microscope. 
Photographs of regions near indentations were taken at frequent inter­
vals during fatigue cycling.
3:6 Strain Amplitude Values.
3:6:1 Total Strain Amplitude Values.
A travelling microscope was used to measure the deflection h m  
of a specimen at the point B in fig. 3:3(a). As the load was applied 
close to point A in this figure, it may be assumed that the specimen
was bent to a uniform radius of curvature. Thus the strain may be
calculated using
g (3.1)
where t is the thickness of the specimen and lg the distance between 
the clamps. The strain amplitudes obtained in this manner are given in 
table 3 :3 .
3:6:2 An Estimate of the Plastic Shear Strain Amplitude Achieved
by the Fatigue Machine.
The tensile plastic strain amplitude (plastic strain per
1/2 cycle) is related to the total strain amplitude by
g + 07 ^
P E (5.2)
where cr is the saturation tensile stress and E the Young's modulus 
s
appropriate for the primary slip system. The resolved plastic shear
strain amplitude ^ is given by the expression
V = cos <$'' t W p  + _ ^  ^  "  ^os ^
(3*3)
where is the angle between the slip direction and the tension 
axis and § is the angle between the slip plane normal and the 
tension axis. The resolved shear stress T s is related to o\ 
by
q =cr s (3-Jf)
s s
where S is the Schmid factor. Using equations (3*2) and (3**0,
equation (3*3) may be re-written as
K { 1Va- 'X
% b ’ I V cos + cos ^  Ay \ —  \ +
(3*3)
This expression was used to obtain the t t vs ^ and
1fs vs curves shown in figs. 3*10 and 3*11 respectively.
vs ~ti values were obtained from Mughrabi’s work ()6) on copper 
single crystals which had a Schmid factor of 0*3 and were fatigued in 
push-pull. These were substituted into equation (3*3) together with 
the values of E = 6*9 x 10^ M Pa, \y = 37° and <p = 31° which are
appropriate to crystals of orientation E.
The critical plastic strain amplitude below which PSBs do
-5 —if
not form is ^ 6 x 10 which would correspond to oo 8 x 10
The value of produced by the wheel W3 used in most of the
experiments was calculated to be to this critical value. The
estimated values of the plastic strain amplitude and the associated
saturation shear stress produced by the wheels W3 and W*+ are given in
table 3*3.
The number of cycles to saturation for various plastic
strain amplitudes were obtained from Hughrabi's cyclic hardening
curves (6) and the results are plotted in fig. 3*12. Since PSBs
nucleate just before saturation it may be deduced that if PSBs are
going to be produced by the cycling conditions some will have
if
appeared on the specimen surface before 9 x 10 cycles.
CHAPTER 4
Experimental Results
4:1 Introduction
In this chapter the results of experiments in which 
indented single crystal specimens were fatigued in bending at a
_Zf
strain amplitude of 8 x 10 are presented. The effects of indent­
ations on the subsequent fatigue of specimens are described in 
section 4*3. Throughout this chapter the strong fatigue markings 
will be referred to as persistent slip bands although no specific 
associated dislocation configuration is assumed. The results 
described in section 4*4 are of experiments which were designed to 
isolate the features of the indentation primarily responsible for 
the PSB distributions observed near fatigued indentations.
Tables 4*1 and 4*2 give details of the specimens referred 
to in this work. Note that all specimens were annealed before 
indenting; the annealing conditions given in these tables refer to 
treatments carried out after indenting. In table 4:1, the positions 
of the indentations on the specimens are identified by the and 
ci values; these are defined in fig. 3*6(a). Regions near indent­
ations are referenced by the (r , ©- ) co-ordinates defined in
fig. 3*9«
4:2 The Effects of Indenting Annealed Crystals with a
Vickers Indenter.
The indentations made using a Vickers indenter had the 
pincushion shape characteristic of annealed materials. In the 
surface regions near the indentations fine slip traces were observed 
under the optical microscope. These were detectable to a radius of 
^  3d/2 from the centre of the indentation where d is the average 
diagonal length of the indentation. In most cases slip occurred on
be largely determined by the orientation of the crystal. As shown 
in figs. 4«l(a) and (b), changing the orientation of the indenter 
with respect to the tension axis did not greatly alter the fine slip 
distribution.
The distribution of slip lines appeared to
4:3 Fatigue of Indented Specimens - General Results.
4:3:1 Fatigue of Typical Specimen El.
4:3:1:1 General Results.
In this section the fatigue behaviour of a typical,
indented, single crystal specimen El is described in detail.
This orientation of crystal has a Schmid factor for the primary
system of 0  48 for a tensile stress parallel to the tension axis.
5
The specimen was cycled for a total of 7*9 x 10 cycles. It should
be noted that the narrow end of the specimen became slightly distorted 
q
after 4*5 x 10 cycles.
The fine slip lines which develop early in fatigue were
all parallel to the primary slip plane except very close to edge ab
(defined in fig. 3*6(a)) of the specimen where some fine slip was
found to be parallel to the critical plane. It was found that after 
5
4*5 x 10 cycles of fatigue PSB’s tended to nucleate on the primary
system at the regions where the fine slip changed from the primary to
the critical plane. The development of such PSB's at the region
( (2 , oL ) 3  (1cm, 0°) is shown in fig. 4*2.
Elsewhere PSB’s were found to be limited to the regions
near indentations and to the areas adjacent to the clamps. PSB’s
3
had nucleated in the zones surrounding indentations by 7 x 10 
cycles but no PSB’s were observed in the regions between indentations
5
even after 7 x 10 cycles. The distribution of PSB’s near indent­
ations was reproducible, apart from minor differences in detail, as
illustrated by fig. 4*3 which shows micrographs of the four indent-
5
ations on this specimen after 7 x 10 cycles.
k:3:l:2 Development of-PSB's near indent E1.S*+U.
The development of PSB's near a typical indent, S*+U, 
is demonstrated by figs. *+•*+ and *+*5* From fig. *+•*+ it can be 
seen that there were no PSB's within the pit or directly at its 
edges. Most of the PSB's were on the primary plane although there 
is one significant group on the critical plane which formed at a 
very early stage. It should be noted that for axial regions well 
away from the indentations, the second most highly stressed system 
was on the critical plane, fig. 3*7- Early in the fatigue approx­
imately radial zones of short PSB's which were separated by PSB-free- 
zones developed. The PSB's within these radial zones became more 
pronounced on cycling but in general they did not lengthen and 
penetrate into the slip free zones. Fig. *+‘3 shows that a few
PSB's grew very long on continued cycling and extended well away
5
from the indentation. After 7*9 x 10 cycles, the longest band was 
■v 380 long and it had penetrated to a distance of *+70 (3*3^)
from the centre of the indentation.
*+:3:l:3 Effects of Changes in the Orientation of the Indenter on 
the PSB Distribution..
The effects of changes in the orientation of the indenter 
on the PSB distribution are illustrated by figs. *f*6 and *+*7 which 
show the distributions near indents DIU and S2U of this specimen. 
Comparing these after 1*3 x 10 cycles, i.e. figs. *+*6(5) and (*+»6)10, 
the general distributions of PSB's were found to be very similar, 
although some differences did occur. In particular in the angular 
region 310° < <. 370°, 3 bands of short, primary PSB's were
observed near the S-type indent while one of these, the most 
intense, was missing from the region near the D-type. Further­
more the radial extent of these bands was greater for the S-type 
than for the D-type. The zone of non-primary slip (at d 173°)
near the S-type indent extended over a larger region than the 
corresponding zone near the D-type indent and it contained about 
twice the number of PSB's.
The zones of short segments of (primary) slip bands
developed more rapidly near the S-type indent. The first PSB's in
3
two of these zones near indent S2U were observed after 7 x 10 cycles
3
and in the third after 25 x 10 cycles while for both such zones near
DIU they were not observed before 25 x 103 cycles. The PSB's on the
critical plane also developed somewhat earlier near the S-type indents,
3
the first bands being observed after 7 x 10 cycles near S2U and after 
12 x 103 cycles near DIU.
Comparisons of Indentation Slip and PSB Distributions 
Developed During Fatigue.
Comparisons were made between the distribution of fine slip 
produced by indenting and the PSB's developed by fatigue. As shown 
in fig. *+*8, the 'radial' bands of short, primary PSB's formed in 
regions where the slip produced by indenting was also on the primary 
plane. The indentation slip lines on the primary plane occurred in 
bands separated by regions of non-primary slip lines. The PSB's 
tended to form at the edges of these regions of primary slip. The 
PSB’s on the critical plane formed in regions where the indentation 
slip lines were also on the critical plane.
*+:3:2 The Development of Propagating PSB’s.
The development of PSB’s which propagated well away from
the indentation was studied in detail for indent D3U of specimen
E2. Fig. *f°9 indicates the particular PSB’s whose development was
5
examined. After 5 x 10 cycles seven PSB’s had grown longer than
d (i.e. 85^ m.) and three of these, L3, iA and L5i had penetrated
well away from the indentation. The growth of these bands is shown
in fig. *+°10. From this it may be seen that the growth rate was most
5
rapid over the first 1*5 x 10 cycles after which it decreased 
significantly. It is also noticeable that bands IA and L5 underwent 
changes in growth rate together. The development of one PSB, L5,
i
will next be examined in detail. This band nucleated between 3*9 x 10
L n
and 9°^ x 10 cycles at ( r , &  ) = (l*2d, 210 ). The plot of PSB
length against number of cycles, fig. *+*11, may be separated into
three approximately linear regions -
Ll cz
(i) k x 10 < n < 1*7 x lO''
(ii) 1*7 x 105 < n < 5,z* x 105
(iii) n 5*^ x 103
—*f —*f
The growth rates in these regions are 8*3 x 10 , 2*8 x 10 and
-56°8 x 10 pj*-/cycle respectively.
Table *+*3 indicates the penetration of PSB's away from 
the centre of the indentation at various stages during the fatigue. 
Bands Ll and l6 penetrated to ^ d from the centre of the indent­
ation and did not extend during subsequent cycling. Bands L2 and L7
5 5penetrated to ~ l*5d in 5°^ x 10 and 1*7 x 10 cycles respectively. 
Bands L3* L*+ and L5 continued to grow during the later stages of
cycling and by 1*1 x 10 cycles 13 and iA had penetrated to 
2.3d while L5 had extended to ^  3*^d. It should be noted 
that the extent of the fine slip traces produced by indentation 
was ^  l°5d.
**:3:3 Effects Related to Different Crystal Orientations.
All orientations of crystal examined showed early PSB 
formation near indentations. Fig. ^*12 shows the PSB distributions 
near indentations in various orientations. When comparing these it 
should be noted that specimens of orientations E, F and G were cycled 
at a strain amplitude of 8 x 10 whereas those of H, I and J were 
cycled at the slightly higher amplitude of 9 x 10 .
Two types of PSB were observed near indentations. These 
were short PSB's which became more pronounced during cycling but which 
did not lengthen extensively and a limited number of bands - generally 
£ - which increased significantly in length during large numbers of
cycles of fatigue. The long (propagating) PSB's developed on the 
primary slip plane near all indentations but the short (non-propagating) 
bands were absent for some orientations of crystal.
In general, the bands of short PSB's were characteristic 
of indentations made in crystals which had a tension axis well away 
from the ^III^ corner of the standard stereographic triangle 
(fig. 3*6(b)). The orientations of crystal which readily developed 
bands of short segments of PSB's had the following features in common -
(i) The Schmid factor on the primary system ^  0^5*
(ii) The second most highly stressed system was not on the
primary plane and its Schmid factor was in all cases 0*^2.
The crystal orientations in which bands of short PSB’s 
did not form early in fatigue had the following features in common.
(i) The Schmid factor on the primary system was < 0*^2.
(ii) The Schmid factor on the second most highly stressed
system was < 0*38.
(iii) Either the second or third most highly stressed system was
on the primary plane (where this was the third most highly stressed
its Schmid factor was close in value to that of the second most highly
stressed system).
The results described in section of this chapter are of 
experiments performed on crystals which had one of three orientations 
namely E, F and G. For orientations F and G, most of the PSB’s were 
of the long, propagating type and all were on the primary plane. For 
orientation E numerous, short non propagating PSB's readily nucleated; 
most of these were on the primary plane but some were on the critical 
plane.
The sums of the lengths of the individual PSB’s near
indentations in specimens El, FI and G1 were measured as a function
if
of the number of cycles up to -v 3 x 10 . The average total length 
of PSB's for the D-type and S-type indentations of each orientation 
were also determined and compared. The results are shown in fig. ^*13» 
The greatest total length of PSB occurred for orientation F and least 
for orientation G. For all three orientations the average total 
length of PSB at the early stages was greater for the D-type indent­
ations than for the S-type, but for orientations E and F this trend 
was subsequently reversed.
In table kmk, a comparison is made between the positions
of nucleation for PSB's which propagate for an S-type indent of
specimens El and FI. The PSB lengths and penetration distances
after similar numbers of cycles are also compared. The average
distance from the indentation centre at which these propagating
bands start is l*7a (a ^ d/2) in both cases. The angular
positions at which these bands formed were quite different although
in both cases one band nucleated at 0- ^  305° • The propagating
PSB's nucleated more readily near F1.S5U for which k/5 of such bands
if
had initiated by 1»2 x 10 cycles whereas only one quarter of those
of El.S^fU had nucleated at this stage. Comparing the lengths and
if
penetrations of these bands after 3*7 x 10 cycles, it was found 
that the bands near F1.S5U were on average five times longer and had 
penetrated twice as far from the indentation centre as those near 
El.S^U. Fig. k*lk shows the development of the longest PSB at the 
end of fatigue near each indent.
The fine slip produced by indenting was generally difficult 
to observe even by the use of Nomarski contrast. Thus a detailed
relationship between the indentation slip and the PSB's could not be 
determined. Indent DIU of specimen HI was larger than any other and 
the fine indentation slip lines were more clearly defined enabling 
in this case a comparison with the PSB distribution to be made, 
fig. *f*15. The bands of short PSB's formed in the general area where 
the indentation slip was predominantly on the primary plane. However 
within this zone were patches of mixed primary and non primary slip, 
for example at (r, 0- ) ^  (l*25a, 80°), within which the PSB's most
readily formed. Similarly the first long PSB's nucleated at 
(r, £> ) (a, 355°) in a region of mixed primary and non-primary
slip but spread into a zone of rather strongly marked primary 
indentation slip.
Figs. ^*l6(a) and (b) show respectively the slip traces
if
produced by indenting and the PSB distribution after 1*2 x 10 cycles 
near an unannealed indentation in specimen Fl. From this it may be 
seen that the PSB's tended to form in regions where the indentation 
slip was partly on the primary plane but where there was also non­
primary slip.
The slip systems activated by indenting will be discussed 
in detail in Chapter 3«
Depth of PSB's.
The depth of the PSB's was estimated by successively 
examining the surface then polishing it back until the PSB's could 
no longer be distinguished. The PSB depths were examined in this
if
manner for indent D3U of specimen J1 after 4*9 x 10 cycles. The 
PSB's were all contained within 8/*m of the surface. Indent D3U of 
specimen El was examined after 7*9 x 1(P cycles, in this case the 
bands of short PSB's on both the primary and critical systems 
disappeared after polishing away 3mwv and most of the propagating 
PSB's had disappeared after polishing away 6 Am.
^:3:3 Effects of Indentation Size.
The effect of the indentation size was not studied in 
detail but specimen HI provided some information. This specimen 
contained two D-type indentations - one, D2U, was of the standard
size used in these experiments and the other, DIU, had a diagonal
length ^  3 times larger. This specimen was fatigued at a slightly
higher strain amplitude t t = 9 x 10 ^ than the other specimens
considered here for which ^  = 8*1 x 10
For both of these indentations the pattern of fine slip
traces produced by indenting was found to extend to ^  3d/2 from the
centre of the indentation. The development of the PSB distributions
near the indentations is shown in fig. ^*17. From this it may be
seen that approximately radial bands of short, non-propagating PSB’s
formed near edge SP of both indentations. In each case the radial
bands extended to ^  l*6d from the centre of the indentation. The
individual PSB's within these bands were ^  20,am long for the case
of DIU and about one half as long for D2U. These bands began to
3 3nucleate between 2*8 x 10 and 3*8 x 10 cycles for the larger
indentation DIU and between 3*6 x 103 and 8*6 x 10^ cycles for the
j
smaller D2U.
On subsequent cycling, other PSB’s nucleated. Some of
these and some extending from the radial bands of short PSB's grew
k
very long. After 2*3 x 10 cycles, the longest PSB near DIU was 
1297um. long while the longest band near indent D2U was ^  2/3 as 
long as this, being 969/*™-long. By this stage three PSB's in both 
cases had penetrated further than '2d from the centre of the 
indentation.
Fig. ^*l8 is a graph of PSB length plotted against numbers 
of cycles for the three longest PSB's (marked Ll, L2 and L3 in 
figs. *f*17(*0 and k* 17(8))near each indent. From this it may be
5 5seen that during the stage v 1 x 10 to 2 x 10 cycles, the 
rate of increase in the length of the longest PSB near each indent, 
i.e. L1.D1U and L3.D2U, was approximately linear and about the same
_3
value for both, 7*3 x 10 u-ra/cycle. At the later stages all three
9
PSB's which had nucleated near indent J31U were continuing to grow
°/
whereas only one of the bands, L3» initiated near indent 02U was 
still extending.
b'.k Results of Experiments Aimed at Isolating the Features of
Indentations Primarily Responsible for early PSB Formation. 
k:k:l Results of Experiments in which the Surface was Polished
Back after Indenting.
:1:1 Effects of Reducing the Indentation Depth by Polishing in 
Crystals of Orientation E.
Specimen E2 was prepared and indented in a similar manner 
to specimen El. After indenting specimen El was given a brief 
electro-polish during which ~  2,Mm were polished off the surface in
order to remove the fine slip traces. Specimen E2 was given a longer
%
electro-polish and were removed from the surface. The effects
of polishing back are shown in figs. *f*19 and ^*20 in which the PSB 
distributions near the indentations E1.D3U and E2.D3U are compared. 
These indentations will subsequently be referred to as El.3 and 
E2.3(P). After the final electropolish the diagonal lengths of the 
two indentations were similar but El.3 had a depth of 1 0 whereas 
the depth of E2.3(P) was 3 m"1-
Firstly a comparison will be made between the PSB 
distributions near the indentations after x 10 cycles,
subsequently the development of the distributions will be 
discussed.
After *f*6 x 10 cycles the overall PSB distributions
were very similar (figs. ^ *19(3) and (10).) The bands of short
PSB's on the primary plane were much less well developed and less 
extensive for the angular region 270° < B" < 360° near indent
E2.3(P) than the similar bands near El.3. However the band of 
primary PSB's near & = 100° outside E2.3(P) contained more PSB's 
than the equivalent zone near E1.3. A region of PSB's on the critical
plane was observed adjacent to both indentations close to O’ = 170°.
Primary PSB's passed through this region near E2.3(P) but near El.3 
they did not. A group of PSB's on the critical plane also nucleated 
near O' = ^5° for both indentations: however these were more clearly
defined for the polished back indent E2.3(P).
PSB's nucleated and developed in a similar manner near the
two indentations. The total length of the primary PSB's was measured
and compared for the earliest stages. After 7 x 10"^  cycles, the total
length of PSB was greater for indent El.3 than for E2.3(P) but by 
3
23 x 10 cycles this had reversed. The chief difference in PSB 
development in the early stages occurred in the angular range 
270° <  &- < 360°. In specimen El, two PSB's nucleated very
readily and grew rapidly in this zone whereas in E2(P) only one band 
nucleated and this propagated more slowly. The primary PSB's near
£ O
fcj = 100 nucleated more readily in specimen E2(P).
The first faint traces of PSB's on the critical plane were
3 c\ o
observed near indent El.3 after 7 x 10 cycles at t> - 170 . The
similar traces near E2.3(P) were not detected until after 
6 x 10 cycles at which stage a few bands on the critical plane 
were also observed near &  = ^3°. The corresponding bands near 
17 = ^3° for indent El.3 were not observed until *f*5 x 10^ cycles.
From fig. *f*20 it may be seen that the propagating PSB’s 
developed in a similar manner near the two indentations up to
5
'■v 1*7 x 10 cycles. By this stage six PSB’s near indent E2.3(P)
were longer than d while only four were longer than d near El.3.
5 5Between 1*7 and 10 cycles and 3*3 x 10 cycles, k PSB’s near indent
E2.3(P) and seven PSB’s near indent El.3 grew. Fig. 4*21 shows PSB
length plotted against numbers of cycles for the three longest PSB's
near each indent. The initial rates of growth of all the bands except
I3(E1) were similar at 8 x 10 yuro/cycle. L3(E1) initially grew
at the faster rate of 1*7 x 10 ^ ^vn/cycle. All these PSB’s except L2
5
of El experienced a reduction in growth rate after 1*7 x 10 cycles.
5
This reduction was more marked for specimen E2(P) so that by 5 x 10 
cycles 13, i/f and L3 of E2(P) were all shorter than Ll, L2 and L3 of 
El.
k:k:1:2 Effects of Polishing away the Indentation Pit in Crystals 
of Orientation F.
(i) Introduction.
The effects of polishing away the indentation pit were 
further examined by comparing the unannealed indentations in specimens 
FI and F2, namely DI, D3, S3 and S7 in each case. After indenting
JAW, /
2 yt*m were removed from the surface of Fl and 12 y4m from F2.
(ii) General Results.
The total length of PSB near each unannealed indentation
was found by measuring the lengths of the individual PSBs and summing.
The average value for each type of indent was found and the results are
shown in fig. ^*22. From this it may be seen that the polishing back
of the surface had the effect of-reducing the total length of PSB by
2/3 » for both S and D type indents. The extent of each PSB
distribution in a direction perpendicular to the (primary) PSB length
A
was measured for the stage n = 3*6 x 10 cycles. It was found that the
/A
average extent of the pattern was 109 /tm for the polished back indent 
which was ^  2/3 of that of the indents in Fl (1^8 /'*'■).
The development of the longest PSB near each indentation at
k -
the stage n = 3*6 x 10 cycles is shown in fig. ^*23. Generally the
band nucleated more readily and propagated more rapidly for the indent-
A
ations which were not polished back. After 3*6 x 10 cycles, the 
longest PSB near the indentations in specimen Fl were all ^  212 yj-m. 
long - the longest band near S.5 was somewhat shorter than the others 
but it should be noted that this band linked up with another PSB to 
form a much longer band, the development of which is shown by the dotted 
lines in fig. ^*23* The longest bands near the two polished back
S type indents were 167 A*-™ and 123 p-** long. Thus polishing back the
specimen surface reduced the maximum length of PSB at this stage by
'v' 1/3- The longest bands near the polished back D-type indentations
A
were much shorter, both being ^  43 long after n = 3*6 x 10 cycles. 
Thus in these cases polishing back the indentation reduced the length 
of the longest PSB to ^  1/3 of the length of the longest bands near 
unpolished indentations.
(iii) Comparison of PSB distributions near indent S3U of Specimens 
Fl and F2.
Comparing the PSB distributions near F2.3U(P) and F1.3U, 
fig. 4*24, it was found that two long PSBs separated from each other 
by 93 developed near F2.5(P) whereas at least five bands near F1.5 
could be considered to be propagating. The separations of these bands 
were examined and it was found that the bands marked Ll and L2 in 
fig. 4*24(3) had the same separation as the two long bands, marked Ll 
and L2 in fig. 4*24(6), near F2.5(P)* Thus Ll of F2.5(P) rcay be 
considered to correspond to Ll of F1.5 and L2 of F2.5(P) to L2 of F1.5* 
The growth of these four bands was therefore studied in detail.
Fig. 4*23 shows their length plotted against number of cycles. The 
development of the longest band near F1.3 is also included, this band 
is marked L3/L4 in fig. 4*24(3) and is the result of two PSBs linking 
to form one long band. From this it may be seen that the rates of 
growth of the comparable bands v/ere quite different but the development 
of Ll near one indent corresponded well with that of L2 of the other.
It is particularly noticeable that the lengths of Ll of F2*3(P) and L2 
of Fl*5 were almost identical at similar stages during fatigue.
4:4:2 Results of Experiments in which Crystals were Annealed 
after Indenting.
4:4:2:1 Specimen J1 Annealed at 700°C.
A preliminary annealing experiment was carried out on 
specimen Jl. This crystal was prepared in the usual manner and 
indented in four places. The specimen was then annealed under vacuum 
for 1 hour at 700°C. after which four more indentations were made.
This procedure enabled annealed and unannealed indentations to be 
compared on the same specimen.
The fine slip lines which develop early in fatigue were
observed to pass through most (3 out of 4) of the annealed indentations
but through none of the unannealed. However no clear differences were 
observed between the PSB distributions which developed near annealed 
and unannealed indentations and no PSBs were observed within any of 
the indentations.
4:4:2:2 Specimen Fl Annealed at 930°C.
(i) Introduction.
The previous experiment was repeated using a crystal of 
orientation F and a higher annealing temperature. This specimen, Fl, 
was annealed at 930°C. in vacuo for V/z hours. The PSB distributions
near the indentations are shown in figs. 4*26 to 4*31. In this case
the PS3 distributions near annealed and unannealed indentations 
exhibited distinct differences.
(ii) General Comparison of PSB Distributions near the Annealed
and Unannealed Indentations.
PSBs were observed within both annealed S-type indentations
but not within any unannealed indentations. PSBs were not observed
within the D-type indentations but they did initiate at the corners 
ft = 90°(P) for both of and &  = 270°(R) for one of the annealed 
D-type indentations. PSBs did not nucleate directly at the edges of 
the unannealed indentations - this is generally true for all other 
orientations.
All the PSBs outside the indentations and those within one 
annealed indentation s8a , fig. 4«32(a), were on the primary plane. The 
PSBs within s6a were all non primary, fig. 4*32(b), on one face they 
were on the conjugate plane and on the opposite face on the critical 
plane.
The total amount of PSB near each indentation was found by
measuring the lengths of the individual PSBs and summing for various
stages during the fatigue. The average total length of PSB Q.^  was
then obtained for each type of indent. The results are shown in
A
fig. 4*33. From this it can be seen that after 3*6 x 10 cycles the 
average total length of PSB was greater for both the annealed and 
unannealed S-type indentations than for the D-type. Within each 
category, i.e. considering the S and D-type indentations separately,
-2-r was greater for the unannealed indentations. This was also the 
case at all stages during fatigue for the D-type.
(iii) PSB Distribution in the Region l*5a < r < 3a and 
260° < ft < 330°.
For both the annealed and unannealed indentations, PSBs 
nucleated outside the indentation in the region l*3a < r < 3a
and 260° < ft < 330°. The distribution of these PSBs near
annealed and unannealed indentations differed. Near the annealed 
indentations bands consisting of several PSBs developed while in the
equivalent areas near unannealed indentations the slip was 
concentrated into one or two long PSBs. Furthermore for all the
o Oannealed indentations there was a radial region at tr ^ 290
where PSBs did not nucleate.
Figs. 4*28 and 4*29 show the development of the PSB
5
distributions near the S-type indentations. From there it may be 
seen that the PSBs in the region l*5a < r < 3a and 260° <
330° nucleated more readily near the annealed indentations than near the 
unannealed. However this does not appear to be the case for the 
D-type indentations shown in figs. 4*26 and 4*27. For each indentation 
the total amount of PSB in this region &ff5| was found by measuring the 
lengths of the individual PSBs and summing. The results are shown in 
figs. 4*34 and 4*35 for the S-type and D-type indentations respectively. 
Very little difference in was shown in the early stages between
any of the D-type indentations although it was slightly greater for 
DIU than for any of the others. At the later stages, that is after 
2 x 10 cycles, was least for DIU and greatest for I)4a while
it remained similar for D2A and D3U.
For the S-type indentations the total length of PSB in this 
region was significantly larger for the annealed than for the unannealed
Lf.
indentations up to ^ 2 x 10 cycles. After this stage S6A and S7U 
had a similar total length of PSB while continued to be slightly
greater for s8a . After v 2*6 x 10^ cycles, was greatest for
S5U.
For each indentation the development of the longest PSB in 
this region is shown in fig. 4*36. At the final stage examined (after
k
3*6 x 10 cycles) the longest PSB near an unannealed indentation 
was 2 to 2*5 times longer than the longest band near an annealed 
indentation.
(iv) PSB distributions close to the indentations.
(a) S-Type.
The PSB distributions close to the S-type indentations will
now be examined. A PSB had nucleated near corner R ( &  ~ 225°)
of s8a by 6250 cycles and faint traces were observed in the similar
Zf
region near S6A after 1*2 x 10 cycles, a distinct band existing by
Zf
1*8 x 10 cycles. PSBs also nucleated near (but not at) the equivalent
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corner of the unannealed indentations and near edge PQ for ^3° ~ ~
90°. For the unannealed indentations PSBs nucleated at distances
17 .Am from edge PQ and some grew.towards the part of the indent edge 
for which 90° < < 133*
(b) D-type indentations.
For the annealed D-type indentations a single band had
o
nucleated near corner P ( &■ = 90 ) by 1°2 x 10 cycles and for D^ -A a 
band had also initiated at corner R ( & = 270°). A number of bands 
nucleated near corner P of the unannealed indentations but the 
nucleation sites were not directly at the indentation edges. As can 
be seen from the low magnification micrographs, fig. ^*30, there was 
in each case a tendency for two of these PSBs to continue propagation 
away from the indentation.
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Indentations with the Indentation Slip.
Figs. ^*37(a) and (b) show respectively the fine slip produced
k
by indenting and the PSB distribution developed after 1*2 x 10 cycles
for an annealed S-type indentation. The series of (primary) PSBs 
which nucleated well away from the edges of the annealed indentation 
in the angular region 270° < & < 313° occurred where the indent­
ation slip was on both the primary (B) and cross (D) slip planes.
The PSB which nucleated at corner R ( O’ = 225°) can be seen to have 
propagated through a region where the indentation slip was predominantly 
on the cross slip plane but where faint traces on the primary plane 
could also be detected.
^:*f:3 Results of Experiments in which Specimens were Annealed and 
Polished back before Fatigue.
Specimen F2 was indented in four places producing both S and 
D type indentations. The specimen was then annealed under vacuum at 
900°C for V/z hours after which four more indentations were made. The 
indented surface was then polished back until traces of the indentations 
could no longer be detected. Thus 12 yum. were removed from the 
surface.
The first traces of PSBs were observed in the regions of the 
unannealed indentations after 8*6 x 10 cycles and near annealed
Zf
indentations after 2*2 x 10 cycles. It can be seen from fig. <^>38 that
Zf
the distribution of PSBs emerging near D2A after *f*6 x 10 cycles was
k
very similar to that observed near D3U after 1*3 x 10 cycles.
Fatigue of Etch Pits.
A distribution of etch pits was introduced into specimen G1 
by electrolytic etching. Three standard Vickers indentations were made 
for comparison. The etch pits were roughly hemispherical in shape. At
the surface they had approximately circular edges and the surfaces
within the pits were faceted. Fig. 4*39 (1) - (3) shows the 
development of the PSB distribution near indent G1.D2U and fig.
4*39 (4) - (5) shows the PSB distributions near typical etch pits 
at the same stages.
The first traces of PSBs were observed hear indentations
after 8*7 x 10"^  cycles and near one etch pit (fig. 4*39 (4))after
Zj. Zj.
2*9 x 10 cycles. After 4*5 x 10 cycles PSBs were observed near
22% of the etch pits. At this stage the pits near which PSBs had
nucleated were those which had a depth:diameter ratio ^  0*5« Well
defined PSBs were not observed within the etch pits although faint
traces could be detected within a few. However some of the etch pits
were of small diameter so that it was difficult to make observations
within them. PSBs nucleated at the edges of etch pits at the angular
positions &■ rz 90° and 69 ^  270°.
Figs. 4*39(3) and (5) show respectively the PSB distributions
near an indentation and an etch pit of comparable size (diameter = 58
4
depth = 19yum) after 4*5 x 10 cycles. Clearly the PSB distribution 
near the indentation is much more extensive than that near the etch pit. 
It can also be seen that whereas the PSBs nucleate at the edges of etch 
pits they nucleate away from the unannealed indentations.
4:5 Summary.
PSBs were observed to nucleate rather readily in the vicinity
of indentations whereas no PSBs initiated in the regions between them,
even after large numbers of cycles, when the specimens were cycled at 
the amplitude used in these experiments ( x 10 V  The PSB
distributions v/ere found to be largely dependent on the crystal orient­
ation and were not greatly affected by the orientation of the indenter.
Two types of PSB were observed, very short bands which became more 
marked but did not lengthen extensively and a limited number of bands 
which grew very long after large numbers of cycles. The long 
(propagating) PSBs developed near all indentations but the short 
bands only formed near those which were made in crystals which had a 
high Schmid factor (for stresses applied parallel to the tension axis) 
on the primary system. The PSBs appeared to form most readily in 
regions where the indentation slip was a mixture of primary and non­
primary. The rate of growth of the propagating PSBs was generally most 
rapid directly after nucleation and decreased with increasing numbers 
of cycles. At the end of a fatigue test very few (usually less than 
four) PSBs were continuing to lengthen.
No PSBs were observed within the unannealed indentation pits 
nor did bands nucleate directly at their edges. However, after a high 
temperature annealing treatment (carried out after indenting), PSBs 
were observed to initiate at the edges and corners of indentations and 
bands were observed within the annealed S-type but not within the 
D-type. For these annealed indentations in specimen FI, bands also 
nucleated very readily in a region well removed from the edges, that 
is at r ^  l»5a and 260° < &* < 330°. For this region, the slip
was distributed among several PSBs but for the equivalent area near 
unannealed indentations, the slip was concentrated into one or two long 
PSBs. In this particular region, the PSBs nucleated more readily near 
the annealed s-type indentations chan the unannealed. ■
PSBs were also found to nucleate near the edges of etch pits 
but not in the surrounding areas. The PSB distributions near indent­
ations were far more extensive than those near similarly sized etch
Polishing back the specimen surface before fatigue so that 
the pit depth was reduced by 2/3 did not greatly alter the PSB 
distributions. Polishing away the indentation pit completely before 
fatigue did alter the PSB distribution and reduced its extent.
However it should be noted that polishing back the surface does 
reduce the surface strain. Removal of 12 fxm (the indentation depth) 
would reduce the strain by 1°2$.
When a specimen was fatigued after being indented, annealed 
at a high temperature then polished back until the pit had vanished, 
characteristic PSB distributions developed in the regions where indent­
ations had been made. The developing patterns were very similar to 
those observed at an earlier stage in regions where indentations were 
made after annealing but before polishing back. Thus in this case, 
annealing appeared to reduce the rate of nucleation and development of 
the PSBs but not to greatly alter the nucleation sites.
CHAPTER 5
The Indentation of Metals
5:1 Introduction
It was shown in the previous chapter that the 
indentation of copper single crystals produced a distribution of 
fine slip traces. The 1 llll slip planes corresponding to these 
are readily identified by considering the crystal orientation but 
three possible choices of slip direction exist for each plane. In 
this chapter the most probable slip vectors activated at the various 
regions near indentations are identified for particular crystal 
orientations.
The chapter also includes a brief review of the indentation 
of metals and an outline of three relevant models of indentation.
The Dyer model is applicable to indentations made in single crystals 
and is used to predict the slip planes activated while the Perrott 
model is used to identify the most probable slip systems. The 
Expanding Gravity model is also included as it provides, as does the 
Perrott model, a basis for models of the residual stress distributions 
near indentations which are considered in a subsequent chapter.
5:2 Slip Systems Corresponding to Observed Traces
The slip traces produced by indenting were not readily 
detected even by use of Nomarski contrast. Those which were most 
easily observed on a given plane could reasonably be expected to 
be the result of slip in one or more < 110> directions which made 
large angles with the specimen surface. The regions where slip 
traces are absent are expected to be those where slip occurs in 
<110> directions which make small angles with the surface. The 
angles between the s i x <110> slip direction vectors and the normals 
to the specimen surfaces for crystal orientations E, F and H are 
given in table 5*1* The largest slip steps correspond to the 
smallest angles.
For orientation E strong traces on the B and A planes 
are expected to correspond to slip in directions V and III 
respectively. Planes D and C intersect the surface at the same 
angle thus they cannot be distinguished. However none of the slip 
directions active on the D plane make a large angle with the specimen 
surface. Thus any clearly defined traces parallel to the D or C 
planes are expected to be due to slip on either system CIII or CV.
For orientation F, strong slip traces parallel to the
B and D planes are expected to be due to slip in the directions II 
and VI respectively. Traces parallel to the A plane could be due 
to either slip system II or VI being activated. No strong traces 
parallel to the C planes are expected.
Traces parallel to the slip planes B and D in orientation
H are likely to be due to slip in the directions II and VI
respectively. The lines of intersection of planes A and C with the
surface are identical. However none of the slip directions 
applicable to plane C produce a large slip step. Thus any traces 
parallel to these two planes are expected to be due to slip on 
either system All or AVI.
5:3 The Mechanism of Indentation
The indentation mechanism depends strongly on whether 
the indenter is sharp or blunt |231 , 5ZJ; indenters with an apex 
semi angle >, 68° being defined as blunt. Sharp indenters appear 
to act by a cutting type mechanism and the observed flow patterns 
are in good agreement with the slip line field approach of Hill et 
al£53j« However for blunt indenters a different mechanism acts 
and the flow patterns strongly resemble hydrostatic compression 
The deformation patterns due to blunt indenters are very 
similar irrespective of indenter shape^52* Differences which
do occur are confined to a narrow region very close to the indenter 
where it appears that large deformations occur in restricted areas.
The standard Vickers indenter, which has been used in the 
work described in this thesis, is a square based pyramid with 136° 
angle between opposite faces. Its effective semi-cone angle is 
70°, thus it is classified as a blunt indenter. The appearance of 
the residual indentation after indenting with a Vickers pyramid 
depends on the initial state of the material. Indentations made 
on fully annealed materials have a characteristic pincushion shape 
and the edges of the indentation are sunk below the general level 
of the surface while indentations made on work hardened material 
are barrel-shaped due to a piling up of the material at the edges 
of the indentation.
5 Models for Indentation
5:^:1 Introduction
A number of models for indentation by blunt indenters 
have been proposed. Two of these, the expanding cavity model and 
the Perrott model will be outlined here as they provide bases for 
models of the residual stress distributions near indentations.
The Perrott model will also be used to predict the most probable 
slip systems activated near indentations.
5:^:2 The Expanding Cavity Model
In the expanding cavity model, developed by Marsh 
the mechanism of elastic-plastic indentation is modelled by the 
expansion of a cavity under pressure. The surface of the indenter 
is considered to be encased in. a semi-cylindrical or hemispherical 
core of radius a fig. 5*1(a). Within the core is a hydrostatic 
pressure p. Outside the core, the stresses and displacements have 
radial symmetry and are calculated on the assumption that the 
material behaves as an infinite, isotropic, elastic, perfectly 
plastic body. The elastic-plastic boundary lies at a radius c where 
c > a. At the interface between the core and the elastic plastic zone two 
conditions must be satisfied: firstly, the hydrostatic pressure within
the core must equal the radial component of stress 'in the external 
zone at r = a; secondly, the radial displacement of particles lying 
on the boundary during an increment of penetration must accommodate 
the volume of material displaced by the indenter.
5:^:3 The Perrott Model
The Perrott model £ 56]i-s applicable to indentation by 
obtuse axially symmetric indenters acting on perfectly elastic-plastic
material. The main mechanism accommodating the volume of the 
indenter is assumed to be the radial displacement of the elastic- 
plastic boundary. This is distinct from the radial displacement 
of material involved in the expanding cavity model. No specific 
geometry is assumed for the elastic-plastic boundary or for the 
upthrust surface of the plastic zone but the boundary of the surface 
of contact is assumed to lie within the plane of the initial surface, 
fig. 5°1(b). Stresses and displacements within the elastic zone are 
considered to be of identical analytical form to those applying for 
fully elastic contact but with the contact pressure applicable being 
a function of the size of the plastic zone rather than the actual 
pressure. The stress components within the plastic zone are 
required to satisfy the von Mises criterion of yield
A  . [ O -  “  ^
at all points. A stress tensor is found which satisfies this
condition and for which the radial stress component is continuous
at the elastic plastic boundary.
The surface stresses within the plastic zone (r < c) are
given by
0"r = / \Fj> C o _ \ < - \ ( c / r ) - i - \ )
o'* “ ~ )
cr^ - l / ^  \ n i c / r ) 
and within the elastic zone by
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The stresses given by this model were resolved onto 
all twelve slip systems for indentations in various orientations 
of crystal and the most highly stressed systems for various regions 
were found. The resolved stresses at positions ( r , &■ ) and 
(r , £>-t-rr ) are identical for this model, thus it is unable to
account for the asymmetry observed in the fine slip produced by 
indenting, i.e. the slip traces at ( r , & ) and (r , & + TT ) are 
in general different.
The stress distributions given by the Perrott model will 
now be compared with the slip traces observed near typical indent­
ations in crystals of orientation E, F and H, figs. 5*2(a), 5*3(a), 
5*^(a) respectively. In order to do this it is convenient to 
separate the regions surrounding an indentation into quadrants by 
considering lines taken from the indentation centre through each 
corner as illustrated in fig. 5*5* The resolved stresses on each 
^llll ( 110> slip system at (r ,&■) positions near indentations in 
the orientations under consideration are listed in tables 5*2 to 
5,z*. Figs. 5*2(b), 5*3(b) and indicate the two most highly
stressed systems for various regions near indentations in orient­
ations E, F and H respectively.
(i) Orientation E
The slip lines in quadrant Q1 are generally well defined 
and are parallel to the B and A planes. The Perrott model predicts 
that the most probable slip systems to be activated in this region 
are BV and AIII, both of which are expected to result in high slip 
steps. Very few traces can be observed in the quadrant Q2. The 
model predicts that over most of this region the systems DIV and
DVl are the most highly stressed, neither of which are expected 
to result in easily observable slip lines. Thus the apparent 
absence of slip lines is in agreement with the model. The slip 
lines visible in this quadrant are parallel to the trace of both the 
C and D planes and must be due to slip along either CIII or CV. From 
table 5*2 it may be seen that in the region in question stresses are 
somewhat higher on CV.
In quadrant Q3 the model predicts high stresses on BV and 
AIII. Consistently, strong traces on the A plane are observed. Some 
weak traces on the C and D planes are observed and these are expected 
to be due to slip on either system CIII or CV. However neither of 
these is predicted by this model to be highly stressed in this region.
In quadrant Q*f are strong traces on the B planes and a few
traces on other planes. Over much of this region the systems DIV and 
DVl are highly stressed, thus slip most probably occurs on one of 
these systems in regions in which slip traces are not observed. In 
the angular region 2^0° < & < 250°, AIII is the third most highly
stressed system, thus the slip lines on this plane in this region are 
reasonably well accounted for. The regions in which slip on the B 
planes is observed coincide with those for which system BV is one of 
the three most highly stressed.
(ii) Orientation F.
The slip lines near an indentation in orientation F are 
not well defined in most areas. Very little slip can be detected 
in quadrant Ql although some weak traces on the A plane may be 
identified. These are expected to be due to slip on either system 
All or AVI, but are not accounted for by the Perrott model. This
model predicts high stresses on the C plane over much of this 
region, but none of the slip systems operative on this plane are 
expected to result in discernible slip steps.
The slip in quadrant Q2 is also poorly defined. Some
traces parallel to plane D are observable and the model predicts
these to be due to slip on system DVl.
In quadrant Q3 are clear traces on both the B and D
planes. Those parallel to plane D are predicted to be due to slip 
on system DVl. Over the region in which slip traces occur on the 
B planes either BII or BIV are expected to be the most highly 
stressed slip systems. The strongest slip traces must be due to 
slip on BII, the somewhat weaker traces could be due to slip on BIV 
as the direction vector IV makes the third largest angle with the 
surface.
Slip traces in quadrant Q*f are also very clearly defined 
on planes B and D. The model predicts that the two most highly 
stressed systems over most of this region are DVl and BII, both of 
which are expected to result in large slip steps.
(iii) Orientation H
Indentation Hl.DIU is larger than the other indentations 
considered. The slip traces were consequently much more clearly 
defined and were detectable under the microscope using bright field 
reflected light.
In quadrant Ql the observed traces were predominantly
parallel to the plane B and consistently the Perrott model predicted
high stresses on the system BII. Slip on this system is expected to 
result in large slip steps. Close to corner P is a region where
slip is on both planes B and D. The two most highly stressed 
systems according to the model are BII and DVl; slip on system
DVl is also expected to result in large slip steps.
The slip traces in quadrant Q2 are predominantly parallel 
to planes A and C. The Perrott model predicts that the two most 
highly stressed systems are Cl and CV over most of this region. 
However none of the systems operative on plane C result in large 
slip steps whereas large steps are expected as a result of slip on 
either All or AVI. As can be seen from table high stresses
occur on system AVI in the central part of the region and on All 
towards corner Q. At distances greater than 2ax from the indent 
centre slip traces are parallel to plane B; these are not accounted 
for by the model.
Slip in all three possible directions (planes A and C 
intersect the surface at the same angle) is visible in quadrant Q3.
Over much of this region slip on plane D predominates and as can be
seen from fig. 5*^(b), these traces are for the most part expected 
to be due to slip on system DVl. Slip on this system is expected to
result in large slip steps. In the region b  ol 210° and r l«25a,
DI is the most highly stressed system on plane D but DVl is also
highly stressed. Any traces parallel to plane B are expected to be
due to slip on BII. The slip traces parallel to A and C are not 
accounted for by the model. In the region in question (225° <. 6- < 
270° and r >_ l«25a) stresses are higher on Cl than on any other 
system on C or A; slip on Cl is not expected to result in large 
slip steps.
The slip distribution in quadrant Q*t is complex and 
traces in all three possible directions are observed. From 
fig. 5*^ it can be seen that the strong traces parallel to plane B
are due to slip on BII and those near corner R parallel to D are
due to slip on DVl. Slip on both of these systems results in large 
slip steps. From table it may be seen that in this quadrant any 
traces parallel to D are expected to be due to slip on DVl. The
traces parallel to A and C are predicted by this model to be due to
slip on either Cl or CV. However slip on neither of these systems 
results in large slip steps. In the central part of this quadrant 
system AVI is highly stressed and near corner S high stresses occur 
on system All. Slip on both of these systems results in large slip 
steps.
The Dyer Model.
Dyer (57)has considered indentation of the [ OOll 
■face of copper single crystals by ball indenters but his general 
approach may be applied to other crystal orientations and indenters* 
Lowering of the material under the indenter is accomplished by slip 
on a set I 111] planes forming diverging pyramids*, Outside the 
contact area slip occurs on a set of planes forming converging 
pyramids as indicated in fig* 5*6* The latter set of slip planes 
are expected to result in hill formation outside the indentation* 
However indentation by blunt indenters results in very little upward
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flow (51) and the material edges of a Vickers indentation made in 
annealed material is sunk below the general level of the surface. 
Thus slip on the diverging set of planes may reasonably be expected 
to be the more important.
According to this model the slip planes activated around
an indentation may be found by relating the Thompson tetrahedron 
to the normal to the specimen surface.
For the crystal orientations considered in this thesis, 
neither the specimen surfaces nor their normals lay along a line 
of symmetry of the Thompson tetrahedron. Thus the shape of the 
line of intersection between the surface and the tetrahedron could 
not be uniquely defined.
Figs. 5*7 - 5*9 show the relationship of the slip systems 
to the crystal surface for crystals of orientation E, F and H; 
both the arrangements of planes forming the diverging and converging 
pyramids are shown.
(i) Orientation E
For orientation E, the diverging set of planes initially 
only needs to include the planes A, B and C as the plane D lies at 
the bottom of the diverging pyramid (fig. 5*7)• The line of inter­
section between the pyramid and surface was somewhat arbitrarily 
selected to include the corner at which the planes A, B and D met 
and for consistency the intersection between the converging set of 
planes and the surface was also assumed to include this point.
(ii) Orientation F
A similar approach was applied to orientation F. In this 
case plane C lay at the bottom of the diverging pyramid (fig. 5*8). 
The point of intersection between planes B, C and D was assumed to 
lie in the plane of the specimen surface for both the diverging and 
converging pyramids.
(iii) Orientation H
For the case of orientation H, plane C lay at the bottom
of the pyramid (fig. 5*9). The point of intersection between 
planes B, C and D was assumed to lie in the plane of the surface 
for both the diverging and converging pyramids.
The extent of the diverging pyramid was determined by 
the condition that it just enclosed the diverging pyramid as 
indicated in fig. 5*10. The slip zones predicted by this method 
are shown in figs. 5*H(a), (b) and (c) for orientations E, F and 
H respectively.
The slip zones were compared with the fine slip 
distributions produced by indenting figs. 5*2(a), 5*3(a), 5*Ma). 
Clearly the actual distributions are far more complex than those 
predicted by this model. However, the model does predict the 
observed asymmetry in the slip- distributions. The dominant slip 
planes activated at the various regions near an indentation do in 
general agree with those predicted by the diverging set of planes, 
although in some cases the fine slip lines extend further away from 
the indentation than predicted by this simple model. However, as 
previously mentioned, the diverging set of planes are expected to 
be the more important.
5:5 Summary
The simple models of indentation described in this 
chapter are unable to account for the detailed distribution of 
slip lines observed near indentations. However the dominant slip 
planes activated at regions near indentations are predicted by 
the diverging set of planes given by the Dyer model. The slip 
traces which are observed are expected to be due to slip on a 
system for which a Burger’s vector makes a large angle with the 
surface. The Perrott model generally predicts high stresses on such 
systems in the regions where slip traces are visible. In many areas 
where no traces are observed the Perrott model predicts high stresses 
only on systems which have a Burger's vector making a small angle 
with the surface.
CHAPTER 6
Models of the Stress Distribution near Indentations.
6:1 Introduction
In this chapter the stress distribution.around an 
indentation is calculated using various simplified models of the 
defect. The features of the indentation likely to produce local 
stress concentrations are considered in turn and estimates are made 
of the resulting stress distribution. The factors considered are:
(i) the stress concentrations due to a surface pit
(ii) the stress raising effects of a hardened zone
(iii) the residual stress distribution
The stress distributions have been found by assuming that 
the specimen is an isotropic material stressed elastically. The 
crystalline nature of the real material is taken into account by 
resolving the stress distributions onto appropriate crystal slip 
systems. This involved determining the stress components with respect 
to the principal axes at various positions near the defect. These 
components were separately resolved onto a given slip system and the 
nett stress was found by summing these resolved stresses.
When a stress is applied to a specimen in a direction 
parallel to the tension axis, the resolved shear stress is greatest 
on the primary system BIV. This resolved shear stress on the primary 
system, T r , is related to the axial tensile stress, cn , by
\  = SP ^
where S is the Schmid factor on the primary system.
P
The stress concentrations Ki discussed in this chapter relate 
the resolved shear stress on the ith slip system at a position C r j
near the defect to "Xp
fe;(r, &) = ~Ki ( r. 8-)
Negative values of ki indicate compressive resolved shear stresses 
and positive values signify tensile stresses.
Stresses have been calculated for the surface layer where 
the applied stress is greatest. All the models used assume that a 
plane stress situation exists, this is expected to be the case at 
the free surface.
Positions near a defect (indentation) are described by 
the polar co-ordinate system defined in fig. 3*9, the origin of which 
is the defect centre. The tension axis is at $  = 0°. As a result 
of the symmetry of the models used in the following calculations, the 
stresses calculated with respect to the principal axes are identical 
at positions ( r , i 9 )  and (V , \^ >o - 0- ). When the stresses are 
resolved onto the crystal slip systems, the stresses at positions 
( r, fe-) and (r , \^o°+ ©- ) only remain identical.
6:2 Stress Concentration due to a Surface Pit.
6:2:1 Pyramidal Pit.
6:2:1:1 Introduction.
The stress concentration around a square based pyramidal 
pit in a plate subjected to uniaxial tension was estimated by 
modelling this case to that of a square hole in a plate using the 
approach of Greenspan ( 58 ). This approach, which is outlined in 
appendix B, should give a reasonable approximation to the near-surface 
stresses. The stress concentrating effect of the apex of the 
indentation was considered separately.
6:2:1:2 Model for the Stress Distribution at the Surface.
The stress distributions around square holes with rounded 
corners were computed using Greenspan’s equations 20-23 and the 
appropriate values for ab and ac^. Both the S and D type of
indentation were considered, the S-type hole being obtained when
3 3ac = -0*1^ and the D-type when ac = 0*1^; in both cases ab = 0.
The shapes of the S and D type holes examined are shown by the
Q-oL = 1 contours in figs. 6«l(a) and (b) respectively.
The numerically greatest normal and shearing stresses occur
at points along the boundary of the hole. The tangential stress
distributions for the two types of square hole are illustrated in
fig. 6*2 and compared with the case of a circular hole. The diagram
shows only one quarter of the boundary since stresses at &j
( & + ^ O) and ( 9 vv%o) are all equivalent. The stress concentration
factor achieves its highest value of 6*3 at corners P and R of the D
type hole. The largest values for the stress concentration factor
for the S-type hole also occurs at the corners but in this case the
maximum value is 3*25*
The stresses at regions outside the holes were obtained
and resolved onto all twelve slip systems for specific crystal
orientations. Positions at the surface near square holes are
conveniently identified by their ( , |3 ) co-ordinates shown in
fig. 6*1. The (r, & ) co-ordinates corresponding to particular
C o.** , fi ) co-ordinates are listed in tables in appendix B.
6:2:1:3 Surface Stresses in Orientation E.
Tables 6*1 and 6*2 give the stress concentration values,
k, for each slip system for various ( of" , j(3 ) positions near an
S-type and D-type hole respectively in orientation E.
(i) Stress Distribution near an S-Type Hole.
Stress concentration i.e.lkil>l only occurs in the region 
near edge PQ. In this region BIV is the most highly stressed slip 
system except at the corners P and Q where systems AVI and All on 
the critical plane are respectively the most highly stressed. At 
the indentation edge lkil>l for several slip systems but at Q. = X  
(i0e. r l-isu) \ki\>l only for systems BIV and AIII.
At the edge QR, the resolved stresses are compressive for
all slip systems and lki\<l in all cases. Along most of this edge the
system DVl on the cross slip plane is the most highly stressed and 
BII on the primary plane the second most highly stressed. In the 
region near this edge no stress qoncentration occurs, i.e.Iki\ < \ far^ 
all systems. For most of this region AIII is the most highly stressed 
and BIV the second most highly stressed slip system.
(ii) Stress Distribution near a D-Type Hole.
Stress concentration occurs in the region surrounding 
corner P. Close to the hole edgelki\yi for several slip systems but 
at Q? = 2 and I3 6: 135°\ki\>l only on systems BIV and AIII. In
the region of stress concentration, BIV is the most highly stressed 
slip system except at the indentation edges. Along PQ All is the 
highly stressed; along SP for [3 >, 30°, system AVI is the most highly 
stressed. At corner Q the resolved stresses are compressive for all 
slip systems and for several|ki\> 1= In the surrounding region 
IkiKl and the resolved stress on most slip systems is tensile. In 
this area the most highly stressed slip system is AIII and system 
BIV is either the second or third most highly stressed.
(iii) Stress Concentration on Primary System (BIV).
Figs. 6«3(a) and (b) show the stress concentration
contours for the primary system (BIV) for a D-type and S-type 
indentation respectively in a crystal of orientation E. The regions 
near edge PQ of an S-type and near corner P of a D-type indentation 
are zones of stress concentration; the magnitude of the effect falling 
off with increasing distance from the indentation. The stress, con­
centration factor K is less than 1-1 at distances greater than 
3*5 a from the indentation centre. Stresses are reduced near edge QR 
of the S-type and near corners Q and S of the D-type indentations but 
they increase with increasing distance from the defect.
(iv) Stress Concentration on System AIII.
System AIII on the critical plane is in most regions one of 
the two most highly stressed slip systems. The stress concentration 
contours on this system for regions near an S-type indentation are 
shown in fig. 6*3(c). The zones where stresses are raised and reduced 
are similar to those which apply to the primary system. Stresses are 
concentrated near edge PQ and reduced near QS.
t
6:2:1:*+ Surface Stresses in Orientation F.
Tables 6*3 and 6**+ give the stress concentration values k
for each slip system for various ( oJ* , p ) positions near an S-type
and D-type hole respectively in orientation F.
(i) Stress concentration occurs on several slip systems for the
region near edge PQ. Along most of this edge, BIV is the most highly
stressed slip system and Cl the second most highly stressed. The
resolved shear stress is greatest on AIII at corner P and on DIV
at Q. For the angular range ^5° < ^ < 135° stresses decrease
with increasing distance from the hole. At = 2 k values are
greater than unity on three systems only, namely BIV, BV and Cl 
which are respectively the most highly stressed, second and third 
most highly stressed systems over most of this angular range.
Along edge QR the resolved stresses on all slip systems 
are conmressive. The most highly stressed system is BV for which 
1 k 1 > 1  for J3 values in the range 150 < < 180. Outside the
indentation the stresses on BV remain concentrated for 210O<\J< 225° 
but on all other systems within the angular range 135° < £ < 225°
I kl < 1 as far as ^  3* Close to the indentation, i.e.
o
q '*' < 1*25, DVl is the most highly stressed system for 150 <. <
O ^  .
200 and the stresses on most systems are compressive. For Q- > 1*25 
the stresses on most systems are tensile. Cl is the most highly 
stressed slip system in the angular region 150° < J3 < l8o° for
©C. ^
1*25 < <2- < 2*5; for larger Q-~ values BIV becomes predominant.
For l8o° < (3 <• 225° the most highly stressed slip system changes
from DVl to BIV for 1*25 < Q. < 1*5*
(ii) Stress Distribution Near a D- Type Hole
For several slip system: 1 Kil >1 for the region near 
corner P. For most of the zone defined by 1 < Q. < 2  and 
^5° < ^ 133° the most highly stressed slip systems are BIV,
BV and Cl and for the most part BIV is the most highly stressed.
Along SP AIII is the most highly stressed slip system, while along 
PC DIV is the most highly stressed slip system. At corner Q the 
largest stresses occur on BV and 1 kl > 1  for this and several other 
systems. Along the edge stresses are compressive for the angular
range 150° < (3 < 195°• In the area surrounding Q (but excluding
the edge) | k \ < l for all systems and the resolved stresses on some 
systems are tensile and on others they are compressive.
(iii) Stress on the Primary System (BIV)
Figs. 6*^(a) and (b) show the stress concentration contours 
for the primary system for a D-type and S-type hole respectively in 
a crystal of orientation F.
(a) D-type Indentation
In the region of stress concentration, stresses fall off 
with increasing distance from the indentation but the zone of stress 
concentration extends further in the direction going from P parallel 
to SP than in the direction parallel to PQ. The stress concentration 
factors for the primary system at the edge of the D-type hole are 
shown in fig. This shows that stresses are highest along edge
SP as the corner P is approached and they fall off rapidly along 
edge PQ as the distance from P increases. Thus the zone of stress 
concentration extends further along SP than along PQ.
(b) S-type Indentation
The region of high stress concentration, i.e.lkl)^ 1*5 
is more extensive near corner P than corner Q. The stress distribution 
at the edge of the hole is shown in fig. From this it may be
seen that close to the hole the stress concentration factor reaches a 
maximum of ^ k near P, while near Q its largest value is ^ 2 *^.
However the region of lower stress concentration 1 <.lk\<l*5 falls off 
less rapidly with increasing distance from the indent in the region 
near corner Q than in the region near P.
6:2.: 1:5 Stress Concentration at the Bottom of an Indentation Pit
Some stress concentration due to the notch at the bottom
of the pit is to be expected. Peterson ( 59 ) gives the stress 
concentration factors at the root of V-shaped notches along the 
face of a beam in bending. The stress concentration factor increases 
with decreasing values of the notch angle 0 defined in fig. 6*6. For 
a shallow notch, the stress concentration factor for a notch angle of 
150° is ^ 2*3 and for a notch angle of l4o° it is ^  2*7* These 
values should provide reasonable approximations therefore to the stress 
concentration factor at the root of a D-type ( = 148°) and an
S-type ( = 136°) indentation respectively.
6:2:2 Surface Stresses near Etch Pits
6:2:2:1 Introduction
The etch pits in specimen G1 were roughly circular in shape 
at the surface. The surface stresses near such pits were obtained 
by modelling this case to that of a circular hole in a plate subjected 
to a uniaxial tension.
6:2:2:2 Stress Resolved onto the Slip Systems in Orientation G
(i) General Distribution
Table 6*3 gives the stress concentration factors for various 
(r, & ) positions near a circular hole in orientation G. Stress 
concentration occurs on some slip systems in the angular region 
60 ^ ^  H 120°. In this zone stresses are largest at the hole 
edge, decreasing with increasing distance from it and the stresses 
on all systems are tensile. Elsewhere stresses are reduced except 
for (r. 9- ) = (a, 0°) where the magnitude of the K values for 
systems BV and DVI are greater than unity. For the angular regions 
0° < B- < 30° and 130°< & < l8o° stresses are compressive on
all systems. With increasing distance from the hole stresses in
these regions became tensile; at r = l*3a stresses on most systems 
are tensile.
In the zone of stress concentration the primary system 
for the specimen is the most highly stressed system. The other 
systems which are highly stressed in this zone are BV, AIII and Cl.
(ii) Stress Concentration on the Primary System BIV
The concentration contours for the primary system for the 
region surrounding an etch pit (circular hole) in a crystal of 
orientation G are plotted in fig. 6*7. Stresses are concentrated in 
the region above the boundary point marked P in the diagram and 
reduced in regions near points Q and S.
6:3 Stress Concentration Near a Hard Zone
6:3:1 Introduction
The material close to an indenter is heavily deformed 
during the indenting stage: such work hardened material is resistant
to further deformation. Hence the stress raising effects of the 
indentation pit (hole) may be counteracted by the hardened zone so 
that the defect acts as an inclusion of a harder material rather than 
as a hole. The stress raising effects of such a hard zone were 
examined by considering the stress concentration near an infinitely 
hard inclusion in a uniaxially stressed crystal. Goodier ( 60 ) has 
obtained the following expressions for the surface stresses near an 
infinitely hard circular cylinder of radius ’a' with its axis
y ,  - ( \ -  a  \J )
Where Pi = t+G-
_ cr^  ex
H> -
I t  G -  (3  -  W  > _ ?  )
oJt \
L+ G- u -  W^»)
G is the modulus of rigidity, ~U Poisson's ratio and cr^ the 
uniform tension applied at a distance from the defect.
Using these expressions the stresses were calculated 
and resolved onto the slip systems for specific crystal orientations.
Fig. 6*8 shows the co-ordinate system used to identify positions near 
the defect. As indicated in this figure, the radius of the hard zone, 
a^ was taken to be half the length of the .indentation; thus aQ= a.
6:3:2 Hard Inclusion in a Crystal of Orientation E.
(i) Stresses resolved onto the Slip Systems.
Table 6°6 gives the stress concentration factors k for 
each\l 1 l]<110>slip system at various (r, &- ) positions near a hard, 
cylindrical inclusion in orientation E. Stresses are reduced (\k\ < \ ) 
on all systems in the angular range *+3° 5: ^ 1 135°• In this angular 
zone the stresses on most systems are compressive at the inclusion edge
O Q
and tensile at r = l*5a. In the angular ranges 0 C 6* < V? and
O  r  n  o
135 £ &  < 180 stresses on all systems are tensile and some stress
concentration occurs on the slip systems on the primary and critical 
planes. Stresses are largest at the inclusion edge and decrease with 
increasing values of r. The primary system (BIV) for the specimen is 
the most highly stressed in the region where stress concentrations occur, 
while in the region where stresses are reduced it is for the most part the 
second most highly stressed system. In the latter region, system AIII on 
the critical plane is generally the most highly stressed; elsewhere this system
is the second most highly stressed.
(ii) Stress Distribution on the Primary System BIV
The stress concentration contours on the primary system
are shown in fig. 6*9(a). The value of k is less than 1*25 for
^ 2*23a. The zones of stress concentration are roughly
o
symmetric about the 4-ine b- = 3 •
(iii) Stress Distribution on System AIII
The stress concentration contours on the system AIII on 
the critical plane are shown in fig. 6*9(b). The value of k is less 
than 1*23 for r >, l*73a. The zones of stress concentration are 
roughly symmetric about b  = 0°.
6:3:3 Hard Inclusion in a Crystal of Orientation F
(i) Stresses Resolved onto, the Slip Systems
The stress concentration factors at various (r, ) positions
near a hard inclusion in orientation F are given in table 6*7* Stress 
concentration occurs on some slip systems for the angular regions 
0° < &  £ ^5° and 133° £ &  £ l8o° and in these zones the
stresses on all systems are tensile. Stresses are reduced in the
• O  .  C , y  O  «
region h-3 £  ^ £ 133 • For this region stresses are compressive
near the inclusion edge becoming tensile with increasing r; at 
r = l*3a stresses on most systems are tensile. Except at the inclusion 
edge where various systems predominate and for a narrow angular region 
at b 'X, 30° where Cl predominates, the primary system BIV is the
most highly stressed slip system. The second most highly stressed 
system is at some regions BV and at others Cl.
(ii) Stress Distribution on the Primary System
The stress concentration contours for the primary system are
shown in fig. 6*9(c). The value of k is less than 1*25 for r 
2°75a. The zones of stress concentration are roughly symmetric 
about &  'z, 1^5° and the contours of high stress concentration 
are elongated in a direction roughly parallel to &  = 130°.
Residual Stress Models 
6:^:1 Introduction
A number of models of the residual stress distribution in 
the surface layers near an indentation have been examined. In all 
of these the material is assumed to be elastically isotropic. Thus 
the anisotropy of the real crystals is not taken into account in 
deriving the expressions for the residual stresses. However in order 
to obtain an estimate of their distribution in relation to the 
crystallography of the slip the residual stress components have been 
resolved onto the appropriate slip systems.
To obtain numerical values for the residual stresses, the 
models considered require a value for the yield stress to be specified. 
For ductile metals, the Vickers hardness number Hv is found to be 
about 3y where y is the yield stress measured in a simple compression 
test. This relationship was used to obtain the value of y (39 MPa) 
used in the following residual stress calculations.
6:/f:2 The Swain and Hagan Model
Swain and Hagan (6l ) have adapted the expanding cavity 
model for indentation, which was outlined in Chapter 5» to calculate 
residual stresses. They suggest that surface stresses during indenting 
may be estimated as the sum of the Hertzian elastic stresses and the 
stresses about an expanding circular hole. On unloading, the stresses 
due to the expanded cavity remain but the Hertzian loading stresses
are removed. Thus the residual stress distribution is given by the 
following expressions for the stresses outside an expanded circular 
hole -
cr& = - crr = (y/ \T3) (c/r)2 for r > c and 
°e- = - (2y/ /3) (- 1/2 + In (C/r)) 
o"r = - (2y//3) (# + In (c/r)) 
for a < r < c As indicated in fig. 5*1(a) a is the radius of the
core and c is the radius of the plastic zone.
Using this model, the residual stresses near an indentation 
in orientation E were calculated. The radius of the core was taken to 
be half the diagonal length of an indentation. The radius of the 
plastic zone was taken to be 3a - this was the approximate distance 
over which the fine slip lines produced by indenting were observed (see 
for example fig. ^*1).
Fig. 6*10 illustrates the residual stress distribution
resolved on the primary system. The model predicts compressive stresses
everywhere except in a region nlose to the elastic plastic boundary 
where tensile stresses are predicted for the angular range 50° < 9- <
1^ -0°. The maximum tensile stress is y/8 or *f»9 MPa for the value of
the yield stress assumed in these calculations. Larger compressive 
stresses occur at the core boundary where they achieve a maximum value 
of 'v y for a wide range of values of 9- , but they are significantly
less than y for values of &  near 50° and 130°.
6:^:3 The Hill Model.
Hill (53) suggested that residual stresses near an expanding 
cavity could be calculated by subtracting an elastic component from 
the plastic field. This approach applied to the expanding cavity 
(circular hole) model gives the following expressions
for the residual stresses at the surface
°” r = y (-# - ^  + 1/2 Cf)2 )
CTfr = y C/z - In (-) - 54 (-)2 )r r
for a < r < c. In this model, no residual stresses exist outside 
the plastic zone.
This model was applied to an indentation in orientation
E using the same values for c and a as were used for the Swain and
Hagan model. Fig. 6°11 illustrates the predicted residual stress 
distribution resolved on the primary system for regions near such 
an indentation. The residual stresses which have the largest 
magnitudes are compressive and occur in the angular range 50° < &  < 
1^0°, with smaller tensile stresses in the narrow angular ranges 
°° < &  1  ^5° and 1 ^ °  < &  < l8o°
Stresses decrease in magnitude with increasing values of r.
6:k:k The Perrott Model 
6:^:^:1 Introduction
Perrott (56 ) extended his model for indentation, 
described in Chapter 5, to calculate residual stresses. The residual 
stress is assumed to be determined principally by the prior plastic 
deformation which has taken place. The residual stress tensor 
corresponds to an elastic recovery of the elastic-plastic indent­
ation with the plastic component of strain being retained. In 
calculating the degree of elastic recovery, it is assumed that the 
radial component of residual stress vanishes at the indentation 
boundary. Recovery is complete for nominally elastic indentations 
but is impeded progressively as the initial plastic zone size 
increases.
The residual stresses given by this model were calculated
for indentations in orientations E and F. In both cases the radius 
of the plastic zone was taken to be 3a.
6:*+:**:2 Stresses Resolved onto the Crystal Slip Systems
(i) Orientation E
Fig. 6*12 shows the residual stress distribution resolved 
onto the primary system for orientation E. The model predicts tensile 
residual stresses on this system everywhere out to a radius of ^  3a 
where small compressive stresses occur. The distribution shows two 
peaks both occurring at r X l*35a, the larger one at & cs 95° where 
the resolved stress is ■>/ l*35y» Thus the largest tensile stresses 
do not occur at the core boundary or elastic-plastic boundary as in 
the other models but in the region between.
Table 6*8 lists the residual stresses resolved onto all the
available slip systems at various (r , ©• ) positions near the indent­
ation. In no area was the specimen primary system (BIV) the most or 
second most highly stressed system. The residual stresses were 
largest (almost) everywhere on one of BV, AIII and DVI. Fig. 6* 13
L
shows the distribution on these systems and on a BIV at r = l*5a.
(ii) Orientation F.
Fig. 6*1** shows the residual stress distribution resolved 
onto the primary system for indentations in orientation F. This is 
similar to that obtained for orientation E. Stresses are tensile as 
far as r 3a where there are small compressive stresses. Two 
peaks occur, the larger one at 6- ~ 65° where "f /y reaches a 
maximum value of 1*36 at r = l*35a and the smaller one at 
135° where X /y reaches 1*09 at r = l*33a.
Table 6*9 shows the stresses resolved onto all the slip 
systems. The primary system (BIV) is the most highly stressed system
° °in the angular region h-5 < 0 < 90 for o. < r < l»5a. Elsewhere 
in this radial zone systems DVI, DIV, CV and BII are the most highly 
stressed systems. DVI is the most highly stressed system and BII the 
second most highly stressed for l*5a < r < 3a. Fig. 6*15 shows
the residual stresses on systems DVI, DIV, BII and BIV at r = l*5a.
6:k:k:3 Stresses Normal to the Primary Plane
Figs. 6*l6 and 6*17 show the residual stresses normal to 
the primary plane for orientations E and F respectively. These curves 
each show one peak centred for the case of orientation E at 0 •x. 60° 
and for F at 0 ~ 30°. The lowest values of the normal stress occur 
at 0" os 150° for orientation E and at 0 ~  120° for orientation 
F.
6:3 Discussion of Contributions of Stress Enhancement and
Residual Stresses to PSB Nucleation
6:5:1 Contribution of Geometric Stress Raising Effects
The contribution of the stress raising effects of a surface 
pit to enhanced PSB nucleation near indentations and etch pits will 
be considered first. Stress enhancement near etch pits can only be 
due to this factor. PSBs were found to nucleate at the edges of some 
etch pits near 0  = + 90° (see fig. *f*39)» These are the regions of 
high stress concentration predicted by modelling the etch pit by a 
circular hole. Fig. 6*l8(b) shows the PSB distribution near a 
typical etch pit in G1 after ^*5 x 101*- cycles superimposed on the 
stress concentration contours on the primary system.
For the case of annealed indentations in specimen FI, PSBs 
were found to nucleate at the regions of high stress concentration on 
the primary plane obtained by treating the indentation as a square
hole. In particular PSBs nucleated at corners P and R of the 
S-type indentations (figs. ^*28 and ^*29) hut not at the other two 
corners; this is consistent with the higher stress concentration 
factor k at corners P and R, fig. 6*5* PSBs were also observed 
within S-type indentations but not within the D-type. This may be 
due to the stress concentration factor at the notch root being 
higher for the S type indentation.
Fig. 6*l8(a) shows the PSB distribution near indent 
F1.S8A superimposed on the stress concentration contours on the 
primary system. From this it may be seen that all the PSBs nucleated 
in the zone of stress concentration. However the distribution does 
not appear to be governed solely by the magnitude of the stress raising 
effect. In particular the group, of PSBs at 260° < 0 < 330° and
l*5a<«“ < 3a, which is a zone of relatively weak stress concentration, 
nucleated after fewer cycles than most of the bands at regions of high 
stress concentration (fig. ^*29)-
In figs. 6*19(a) and (b) the PSB distributions observed near 
unannealed indentations in orientations E and F respectively are 
superimposed on the stress concentration contours for the primary . 
system obtained using the model of a square hole. From this it may 
be seen that PSBs do not readily nucleate at the regions of predicted 
maximum stress concentration, namely at the corners or within the 
indentations at the notch. For the case of orientation F the PSBs 
did form most readily in regions of stress concentration rather than 
stress reduction but they occurred where the concentration effect was 
expected to be weak. However for orientation E the regions in which 
the majority of primary PSBs initially formed were within the zones of
predicted reduction of stress on the primary system. Similarly 
the PSBs on the critical plane occurred where k values for the 
most highly stressed system on the critical plane, system AIII, 
were less than unity. Thus clearly for the case of unannealed 
indentations the geometric effect cannot be considered to be the 
dominant factor in governing the initiation of PSBs.
6:5:2 Contribution of the Stress Raising Effects of a Hard Zone
In this section the stress concentration which arises from 
a hardened, circular zone centred on the indentation will be considered. 
In figs. 6*20(a) and (b), the stress concentration contours due to this 
effect are shown superimposed on the PSB distributions observed near 
typical S-type indentations in orientations E and F respectively.
For the case of orientation E, most of the PSBs have nucleated in the 
zone of stress concentration. However the PSBs on the primary plane 
do not appear to be concentrated at the edge of the hard zone (r = a) 
where the stress is predicted to be highest but they initiate as far 
out as l*5a. For'the case of orientation F, the PSBs are observed 
to nucleate in the zones where stresses were reduced. Thus clearly, 
the stress concentrating effect of the hardened zone cannot account 
for the PSB distributions observed near indentations.
6:5:3 Contribution of Residual Stress
As discussed in Chapter 2, tensile residual stresses are
generally detrimental in fatigue situations whereas compressive 
residual stresses are frequently beneficial in extending fatigue life.
It has also been found that tensile residual stresses are developed 
on the surface prior to the appearance of slip bands in specimens 
cycled in tension by bending (50 )• This would suggest that tensile
residual stresses existing prior to fatigue might make the 
development of such bands more rapid. Thus it would appear 
reasonable to assume that the nucleation of PSBs is aided by tensile 
residual stresses and opposed by compressive residual stresses.
This assumption is supported by the results of the fatigue of 
unannealed indentations. No PSBs were observed within the pit or 
at its edges which are the regions where all the residual stress 
models predict large compressive stresses. However none of the 
models examined could account for the observed PSB distributions.
The models were all applied to indentations in a specimen 
of orientation E. In the following discussion, fig. 6*21, which
if
shows the PSB distribution near El.S^U after 2*5 x 1© cycles super­
imposed on the co-ordinate system used for the models, should be 
compared with the graphs of residual stresses figs. 6*10 - 6*12.
For the Swain and Hagan model residual stresses are 
generally compressive (fig. 6*10) thus they would not contribute 
positively to PSB nucleation. A region where there are small tensile 
stresses reaching a maximum value of *+*9 MPa is predicted near the 
elastic-plastic boundary (r = 3a), but the angular range over which 
this occurs (50° £ 0  < lkO°) is one in which PSBs did not readily
nucleate.
The Hill model (fig. 6*11) predicted compressive residual 
stresses for 50° < 0 ^ 1^0° and 230° < 0 £ 320°; consistently
no PSBs were observe-d in the former region but some nucleated in the 
latter. For other angular regions, the residual stress was tensile 
close to the core boundary (r = a), but with increasing values of r 
the stresses became compressive except for the narrow angular regions
1^5° £ ^  £ 160° and 30° £ £ ^5° (and the zones at l80°
to these). However these regions did not correspond with those in 
which primary PSBs most readily nucleated.
The Perrott model predicts tensile residual stresses in 
the zone surrounding the indentation. Thus in general terms this 
model is consistent with the enhanced PSB nucleation observed near 
indentations. This model was therefore examined in more detail than 
the other two residual stress models. In this case two orientations 
(E and F) were considered and the stresses on non primary systems and 
the stress normal to the primary plane were examined.
Comparison of the PSB distribution in orientation E 
(fig. 6*21) with the residual stress distribution resolved on the 
primary system (fig. 6*12) shows.that PSBs did initiate in some of 
the regions of high tensile stress predicted by the model. However 
they did not initiate in all such areas. In particular no PSBs 
occurred in the region near (r, & ) = (l*33a, 90°) which is one of 
the areas where the residual stress is largest. For orientation F, 
PSBs nucleated in two regions at 6k° £ &  £ 106° and l*33a £ r £
2*23a and at 28o° £ & £, 320° for l*3a < < 2a. (See for
example fig. *^28). Thus the former region coincides reasonably well 
with one of the peaks in fig. 6*lk which shows the residual stress 
resolved onto the primary system. However the latter region coincides 
with a trough in the curves. Thus clearly the PSB distributions 
cannot be completely accounted for by the magnitude of the resolved 
stress on the primary system.
The relationship between the PSB distributions and the 
stresses on non-primary systems will be considered next. For
orientation E, no PSBs were observed for 10° < & < 110° and
relatively few occurred in the zone at l8o° to this. In this region 
systems AIII and BII were the most highly stressed (fig. 6*13)»
Numerous PSBs were observed at J>bO < & £ 360° where the highest
stress occurred on DVI on the cross slip planeo For the case of 
orientation F, most PSBs nucleated in the radial zone 1*35 r 5: 
2°25. As can be seen from table 6*9* for l*3a < < 3a, the
most highly stressed system is DVI for all values of &  . However 
the angular regions in which PSBs nucleated (6*f° ^ 106° and
280° ©■ < 320°) are not those for which the stress on DVI
achieves its highest values. The peak values for stress on DVI 
occur at 9 ^  175°•
No clear relationship between the stress normal to the 
primary slip plane and the PSB nucleation sites could be found for 
either orientation.
6:6 The Combined Effects of Residual Stresses and Stress
Enhancement.
6:6:1 Introduction.
Clearly none of the models considered so far in this 
chapter can account for the detailed PSB distributions observed 
near unannealed indentations. In this section the combined effects 
of residual stresses and stress enhancement will be examined.
The Perrott model is considered to be the most satisfactory 
residual stress model since it predicts large tensile residual stresses 
in the region surrounding the indentation. Thus this model will be 
used in the following calculations.
Two possible modes of stress enhancement exist since the
defect (indentation) may act either as a hole (pit) or as a hard 
inclusion. Since the PSB distributions near indentations which 
were polished back were very similar to those near indentations 
which were not polished back (fig. ^*19), it would appear that the 
'hole* effect is relatively unimportant. Thus although both the 
hole and inclusion effects will be examined, the latter will be 
treated in more detail.
In the following calculations, the magnitude of the peak 
applied stress (c ) for both the tensile and compressive half cycles 
is assumed to be 24*5 MPa (2*5 kg/mm ).
6:6:2 Residual Stresses (Perrott Model) Combined with Stress
Enhancement due to a Surface Pit (Square Hole).
The residual stress distribution given by the Perrott model 
was combined with the peak stresses for the tensile and compressive 
half cycles obtained with the square hole model. Figs. 6*22 and 6*23 
show the combined stress distribution resolved onto the primary 
system for orientations E and F respectively.
(i) Orientation E.
For the case of orientation E, stresses are tensile for both 
the tensile and compressive half cycles of fatigue for the angular 
ranges 0° < ft 1 23° and 135° 1 ft < l8o°. Elsewhere the stress
is tensile for the tensile half cycle and compressive for the compressive 
half cycle. The largest tensile stresses occur at 90° for the
tensile half cycles The largest compressive stresses occur at x
150° and jl x 130°.
Comparison of fig. 6*22 with the PSB distribution observed 
near El S^U (fig. 6*21) shows that most PSBs form where the combined
stress is tensile for both half cycles.
(ii) Orientation F.
For orientation F, the combined stress is tensile for the 
tensile half cycle and compressive for the compressive half cycle 
for 80° < p  < 135°; they are tensile for both half cycles for
133 < < 180°. For the angular region 0 < p < 33 the
magnitude of the stress is small; stresses are tensile close to the
indentation but become compressive at larger Q- values* Stresses 
are compressive close to the indentation and tensile further out for 
the angular range 33° £ p  80°. Peak tensile stress occurs at
p  ~ 70° and largest compressive stresses occur at p  X, 120°
and [3> x 70°.
Comparison of the PSB pucleation sites near FI S5U (fig* ^*28) 
with the combined stress distribution (fig. 6*23) shows that most 
PSBs nucleated in regions where the combined stress was tensile for 
the tensile half cycle and compressive for the compressive half cycle.
Thus considering both orientations E and F, no consistent 
relationship between this combined stress distribution and the PSB 
nucleation sites was determined.
6:6:3 Residual Stresses (Ferrott Model) Combined with Stress
Enhancement due to a Hard Inclusion.
The residual stress distribution was combined with the peak 
stresses near a hard inclusion for the tensile and compressive half 
cycles. The stresses were resolved onto the primary system for 
indentations in orientations E and F.
(i) Orientation E.
The peak stresses for the tensile and compressive half
cycles near indentations in orientation E are shown in figs.
6*2^(a) and (b) respectively. Superimposed on each diagram is the
A
PSB distribution observed near El Sk U after 2*3 x 10 cycles. For
the tensile half cycle the stresses in the region surrounding the
indentation are tensile and enhanced compared with the applied shear 
2
stress (2*5 kg/mm ). For the compressive half cycle the magnitude of
2
the stress is less than 2*3 kg/mm everywhere except for small regions 
centred at the (r, § ) positions (l*2a, 90°) and (l«2a, 270°). Stresses 
are tensile in the angular regions ^3° < O’ ~ 133° and
O Q
A ”! 5 < & 313 and compressive elsewhere.
Most of the primary PSBs nucleated in regions where the
nett stress was large and tensile during the tensile half cycle and
compressive during the compressive half cycle. A few bands nucleated 
near (r, ^ ) = (l°3a, 270°) where the nett stress was tensile for both 
half cycles.
(ii) Orientation F.
Figs. 6*23(a) and (b) show the nett stress distributions for
the tensile and compressive half cycles near indentations in orientation
k
F. The PSB distribution observed near indent FI S3U after 1*2 x 10
cycles is superimposed on each diagram. For the tensile half cycle
the stresses in the region surrounding the indentation are tensile and
for most of the region the nett stress is enhanced. For narrow regions
near O' = 118° and 0* = 298° the stress is less than the applied shear
2
stress of 2*5 kg/mm .
In the compressive half cycle, the nett stress is generally 
reduced in comparison with the applied stress. Small zones of stress 
concentration occur centred at the (r, S' ) positions (l*2a, 70°) and
(l*2a, 250°). The nett stress is tensile for most of the angular 
regions 30 < O' < 113 and 210 ^ O < 295° and for small
regions centred at (l*5a, 135°) and (l°5a, 310°); elsewhere the 
nett stress is compressive.
Most of the PSBs nucleated in regions for which the nett 
stress was tensile for both the tensile and compressive half cycles. 
However the nucleation sites were not generally the regions where the 
highest tensile stresses were obtained.
The model therefore does predict a zone surrounding the 
indentation in which enhanced tensile stresses are obtained during the 
tensile half cycle. Such a stress distribution is consistent with the 
enhanced PSB distribution observed near indentations. However the 
regions where the nett stress was largest were not consistently those 
in which PSBs nucleated.
CHAPTER 7
Discussion and Suggestions for Future Work.
7:1 Introduction
A summary of the main results both of the experiments 
and calculations of the stress distributions near indentations 
is given in section 7*2 of this chapter. Subsequently the relative 
importance of the features of the indentation which might lead to 
the enhanced PSB distributions in their locality are assessed.
Some of the factors determining the nucleation sites of PSBs are 
briefly discussed in section 7*^* In sections 7*3 and 7*6 PSB 
development and initiation are respectively considered; in particular 
the influences of cyclic softening, of a dislocation cell structure 
produced by indenting and of non-primary dislocations on PSB 
initiation are considered.
7:2 Summary of Results.
7:2:1 Principal Results of Preliminary Experiments.
The preliminary set of experiments in which indented single 
crystal specimens of copper were cycled in reversed bending at low 
strain amplitudes yielded the following main results.
(i) PSBs readily initiated in the regions near indentations
i.e. in the zone a < r < 3a but did not nucleate in the regions 
between indentations.
(ii) No PSBs nucleated within the indentation pits or directly
at their edges nor did any PSBs penetrate into the pits.
(iii) The PSB distributions were reproducible for a given
orientation of crystal but were quite different for indentations 
made in different crystal orientations.
(iv) A few (usually < 4) of the PSBs which initiated near 
an indentation continued to grow throughout the fatigue test.
(v) In some orientations of crystal, groups of short PSBs 
separated by PSB free regions developed near the indentations.
These PSBs became more clearly defined on continued cycling but in 
general they did not lengthen extensively; their maximum lengths 
remaining at-^cL/3.
7:2:2 Results of Experiments in which Specimens were given 
Special Treatments.
Additional experiments were carried out aimed at isolating 
the features of the indentation primarily responsible for the early 
PSB formation. Four types of experiment were performed. These are 
summarised below together with their principal results.
7:2:2:1 Fatigue of Polished Indentations.
Specimens El and E2 were polished back by different amounts 
after indenting. During the fatigue tests, indentations in the two 
specimens had similar diagonal lengths but those in El were -v 10 ,u.r<v 
deep while those in E2 were 3 ^m-deep. Very similar PSB
distributions developed in the two cases.
When indentation pits were polished away completely in 
orientation F, characteristic PSB distributions nucleated. In 
comparison with the PSB distributions near indentations which were 
not polished back:
(a) the total length of PSB after a given number of cycles was
reduced by 2/3;
(b) for the S-type indentations, the growth rates of the
longest bands were similar, but they nucleated after a larger number
of cycles.
7:2:2:2 Fatigue of Annealed Indentations (Specimen FI).
(i) PSBs nucleated at the corners and edges of indentations 
which were annealed at a high temperature prior to fatigue. PSBs 
were observed within the S-type but not within the D-type annealed 
indentations.
(ii) Other PSBs readily nucleated in the region l»5a < r <
3a and 260° <. & < 330° outside these annealed indentations.
These bands initiated after fewer cycles than those which nucleated 
at the indentation edges.
(iii) Comparison of the total length of PSB near annealed and
unannealed indentations of the same type showed that PSBs initially
developed more rapidly near the annealed ones but at later stages this
k
trend was reversed. This changeover occurred after ^  2 x 10
cycles for the S-type indentations and after ^  6 x 10 cycles for 
the D-type.
(iv) The PSBs in the region 1 < r < 3a and 260° < &
330° near annealed indentations were fragmented in comparison to 
those occurring in the similar region near unannealed indentations; 
the slip in the unannealed case being confined to one or two PSBs 
but distributed among several bands for the annealed case.
7:2:2:3 Annealed and Polished Back Indentations (Orientation F).
Characteristic PSB distributions nucleated in areas in which 
indentations had been made, annealed and then polished away. These 
nucleated much more slowly than those which formed in areas in which 
PSBs were made and polished away but not annealed. The distributions 
however were similar.
7:2:2:4 Fatigue of Etch Pits (Specimen Gl).
(i) PSBs were observed to nucleate at the edges of etch pits
which had a depth to diameter ratio ^  0*5*
(ii) They initiated at the angular regions 0 ~ + rr /2
(&■ measured from tension axis).
(iii) No PSBs nucleated in the zones surrounding etch pits.
(iv) The PSB distributions which developed near indentations
in the same crystal were far more extensive than those which initiated 
near etch pits, even when the two types of defect were of a similar 
size.
were examined by means of simple, models. The principal results of 
these calculations are outlined below.
7:2:3:1 Stress Concentration due to a Surface Pit.
examined by considering the stress distribution around appropriately 
shaped holes in a plate held in tension. Thus indentations were 
modelled by 'square' holes and etch pits by circular holes. This 
was expected to give a reasonable approximation to the near surface 
stresses. The effect of the notch within the indentation was also 
considered.
(i) Unannealed indentations. (Orientations E and F).
7:2:3 Results of Calculations.
The potential stress raising features of the indentation
The stress concentrating effects of a surface pit were
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concentration, namely near the corners and notch.
(b) For the case of orientation E, PSBs nucleated preferentially
in the zone of predicted stress reduction.
(ii) Annealed indentations (orientation F).
(a) PSBs did nucleate at the regions of predicted high stress 
concentration.
(b) The surface stresses were resolved onto the primary
system for fatigue which indicated that for the S-type indentations, 
resolved stresses were higher near corners P and R than corners Q and 
S. Consistently PSBs nucleated preferentially at P and R.
(c) PSBs also nucleated at a region of predicted weak stress
concentration at 1*5 < r < 3a and 26o° < 330°. These
PSBs initiated after fewer cycles than those which nucleated in 
regions of higher stress concentration.
(iii) Etch Pits (orientation G).
For the case of the etch pits, PSBs only nucleated at the 
regions of predicted high stress concentration, i.e. &  ~ -TT^. 
7:2:3:2 Stress Raising Effects of a Hard Inclusion.
The high dislocation density close to the indentation pit 
may act as a hardened zone resistant to further deformation. This 
would be expected to give rise to local stress concentrating effects. 
This effect was modelled by treating the indentation as a hard, 
cylindrical zone of circular cross-section. This model provided the 
following results.
(i) For the case of orientation E, most, but not all, of the 
PSBs nucleated in a region of predicted stress concentration on the 
primary systems
(ii) The PSBs which occurred near indentations in orientation F 
initiated in regions of weak stress concentration or in regions of 
reduced stress on the primary system.
7:2:3:3 Residual Stress Models.
The nucleation of PSBs is expected to be aided by tensile 
residual stresses and opposed by compressive residual stresses. 
Consistently, for the case of unannealed indentations, no PSBs 
were observed within the pit or at its edges which are regions 
where all the models predict large compressive stresses. However 
none of the models could account for the detailed PSB distributions.
The Perrott model did, however, predict the existence of a 
zone of tensile residual stress surrounding the indentation pit for 
a < r < 3a. These stresses initially increased with increasing
distance from the indentation reaching a maximum value at r = l«35a. 
Thereafter they decreased with increasing values of r. This tensile 
zone corresponds well with the region in which most PSBs nucleated 
i.e. a < r < 2*5a. However, comparison of the residual stress
distribution on the primary system with the PSB nucleation sites 
showed that the PSBs did not consistently initiate in the regions of 
predicted high tensile residual stress. The residual stress 
distributions on the non primary systems were also examined for 
orientations E and F. This showed that DVI on the cross slip plane 
was in both cases the most highly stressed system in the regions where 
PSBs most readily nucleated.
7:2:3:^ Combined Model of Stress Enhancement due to a Hard Zone 
and the Residual Stresses Predicted by the Perrott Model (Orient­
ations E and F).
During fatigue the indentation may act either as a pit or 
as a hardened zone. Since the PSB distributions near polished back 
and unpolished indentations were very similar, it may be assumed that 
the stress concentrations due to the pit are relatively unimportant.
The nett stress around the indentation may therefore be considered 
to be a combination of stress enhancement due to a hard circular 
zone and residual stresses. The residual stresses were assumed to 
be those given by the Perrott model as this was considered to be 
the most satisfactory of the residual stress models. The stresses 
were resolved onto the primary system for fatigue and the peak nett 
stress in the tensile and compressive half cycles were found. The 
resolved nett stresses were identical for positions (r, 0- ) and 
(r, 0 + 130°).
(i) For the tensile half cycle, the nett stress was everywhere
tensile and a zone of nett stress enhancement was obtained in the 
region surrounding the indentation. For orientation F a narrow 
zone of slight stress reduction occurred near ^  = 118°.
(ii) For the compressive half cycle the nett stress was generally 
reduced in the zone surrounding the indentation. The nett stress was 
in some regions tensile and in others compressive. Small zones of 
tensile stress concentration occurred. These were centred at (r, & )
= (l*2a, 70°) for orientation F.
(iii) For orientation E, the PSBs mostly nucleated where the nett 
stress was large and tensile during the tensile half cycle and 
compressive during the compressive half cycle. A few bands nucleated 
where the nett stress was tensile for both half cycles.
(iv) For orientation F, PSBs did not nucleate in the regions of
predicted highest tensile nett stress and most nucleated in zones
which were cycled only in tension.
7:3 Factors which could Contribute to the Enhanced PSB
Nucleation near Indentations.
A number of factors could be considered to be the primary
cause of the enhanced PSB nucleation near indentations. The 
indentation damage consists of a surface pit, which would be 
expected to result in local stress concentrations, and a surround­
ing region which has been plastically deformed. The plastic 
deformation could be damaging by providing a region of high local 
dislocation concentration resistant to further deformation, by the 
effects of associated residual stresses or by producing dislocation 
configurations favourable to PSB formation.
The results both of experiments and calculations indicated 
that the primary cause of early PSB formation near (unannealed) 
indentations was not stress concentration due to the surface 
geometric configuration of a pit. This was initially indicated by 
the observation that the PSB distributions were not greatly altered 
by changes in the orientation of the indenter which would be expected 
to alter the stress distribution. Additionally PSBs did not generally 
nucleate at the regions of calculated high stress concentration, that 
is at the corners of and at the notch within the pit and for the case 
of orientation E they formed most readily in regions of calculated 
stress reduction. Finally, characteristic PSB distributions developed 
when the ratio of the depth to the diagonal length (d) of the pit was 
reduced and hence the stress concentrating effect was reduced or even 
removed.
However, such stress concentrators were shown to be 
potentially damaging since PSBs were observed to nucleate at the 
regions of calculated high stress concentration near etch pits and 
annealed indentations, fig. 6*l8.
Since PSBs were observed to initiate at regions of high
stress concentration near indentations annealed at high temperatures, 
it would appear that the plastic deformation produced by indenting 
inhibited PSB nucleation at these sites near unannealed indentations.
This could be due to either residual stresses or a high local 
concentration of dislocations acting as a hard zone resistant to 
further deformation. Both such effects could be important and both 
are expected to be relieved by annealing.
Not only were PSBs observed to form at regions of high 
stress concentration near annealed indentations in FI but they also 
nucleated very readily In a zone of comparatively weak stress 
concentration, i.e. at l«5a < <, 3a and 260° < O’ < 330°.
Since some bands formed more readily in this zone than in the areas 
of high stress concentration, some factor other than stress concentration 
must contribute to the relative ease of PSB nucleation in such areas.
Thus it appears that stable dislocation structures must remain after 
annealing (at least up to temperatures of 950°C) and that these 
enhance PSB nucleation. This is also indicated by the results of 
experiments in which indentations were annealed and then polished 
back. The characteristic PSB distributions shown in fig. zf*38(b) 
which nucleated in such areas could only be due to a dislocation 
structure remaining after annealing since the stress concentration 
effect was absent and any residual stresses will be relieved.
Comparing regions in specimen £>1 in- which indentations were 
made, annealed and then polished way with those in which indentations 
were polished away but not annealed, it was found that the distributions 
were similar for the two cases but that they nucleated and developed 
much more rapidly in the unannealed case. However, during fatigue the 
local stress distributions near annealed and unannealed polished back
indentations are expected to be different. Near the unannealed, 
polished back indentations some stress enhancement due to residual 
stresses and stress concentration near a hard zone is expected whereas 
no such stress enhancement is expected near the annealed ones.
Thus in summary, these results suggest that the dislocation 
structures produced by indenting are important in determining the sites 
of PSB nucleation whereas the local stress distribution during fatigue 
is important in affecting the rate of PSB nucleation and development.
7 The Distribution of PSBs near Indentations.
In this section the influence of the local stress distribution 
during fatigue on the distribution of the PSBs near indentations will 
be discussed. The most satisfactory model for the local stress 
distribution near all unannealed indentations, whether polished back 
or not, is considered to be a combination of stress enhancement around 
a hardened zone v/ith the residual stress distribution. A number of 
residual stress models were considered in Chapter 6 and the Perrott 
model was adopted when calculating the nett stress distribution. This 
model was selected because it predicted tensile residual stresses in 
the region surrounding the indentation and tensile residual stresses 
are expected to aid PSB nucleation.
The combined model predicted a nett stress enhancement in 
the zone surrounding the indentation during the tensile half cycle and 
a nett reduction during the compressive half cycle. However the PSB 
nucleation sites were not simply identified as the regions where the 
nett peak tensile stress was greatest. Similarly they could not be 
identified with regions of nett peak compressive stress. It appears 
that PSBs are initiated in the areas in which favourable dislocation
configurations were produced by indenting.
Dyer’s model for indentation, discussed in Chapter gave 
a crude indication of the regions in which the different slip planes 
were activated. As shown in figs. 7*1 and 7*2 the general areas in 
which PSBs nucleate may be predicted by superimposing the contours of 
peak nett stress during the tensile half cycle on the indentation slip 
zones given by the Dyer model. The primary PSBs generally occurred 
most readily in the regions in which the indentation slip is predicted 
to be predominantly on the primary slip plane and in which the nett 
tensile stress on the primary slip system is high.
The stress distribution at the surface near annealed indent­
ations is considered to be reasonably approximated to by the stress 
distribution near a square hole. • The PSB nucleation sites close to the 
indentation occurred in regions where the concentration of stress on 
the primary system was high. The most probable sites for those bands 
which did not nucleate directly at the indentation edges were reasonably 
predicted by superimposing the Dyer indentation slip zones on the 
stress concentration contours. As shown in fig. 7*3i PSBs nucleated 
where the indentation slip predicted by the Dyer model was on the 
primary plane (B) and there was also some stress concentration on the 
primary slip system during fatigue. Close to the indentation edges, 
the nucleation of PSBs appears to be enhanced where a region of high 
stress concentration coincides with a Dyer primary slip zone.
However the situation is more complex than indicated by these 
simple models since PSB nucleation occurred most readily where the 
observed indentation slip was predominantly on the primary plane but 
where there was also an adjacent region of slip on a non-primary plane.
The contribution of dislocations not moving on the primary plane 
to PSB initiation will be discussed in a later section.
7:3 Propagation of PSBs.
A few of the PSBs which nucleated near indentations 
continued to grow throughout•the fatigue test. The rate of 
propagation of these PSBs decreased with increasing numbers of cycles 
and as they propagated further away from the indentation. This is to 
be expected since the effects of the indentation are from residual 
stresses, the concentration of dislocations and from the stress 
concentration effect all of which decrease with increasing distance 
from the indentation. According to the Perrott model, the residual 
stresses do initially increase with increasing distance from the 
indentation up to a distance of r l*33a but thereafter they decrease 
with increasing r; most of the propagating PSBs tend to nucleate-at 
r % l°7a. The fine slip lines produced by the indentation were 
detectable to a radius of ^  3a from the indentation centre. Thus 
the high initial dislocation concentration is expected to be contained 
within this zone. The maximum range of any stress enhancement as given 
by the combined model of stress enhancement due to a hard zone and 
residual stresses given by the Perrott model is ^ 6a. Some PSBs 
however extended well outside this zone, for example the longest band 
near El.S^fU had penetrated to 11a by 7*9 x 10^ cycles. For orient­
ation F, some PSBs near annealed indentations had penetrated to
h9ba. and near unannealed indentations to
cycles. Thus in both these cases the bands had extended outside the 
zone of high dislocation concentration. For the annealed indentations 
propagating bands are nucleated at the regions of high stress
concentration namely the sharp corners but as can be seen in 
fig. 7*3 the zone through which they propagate is one of reduced 
and not concentrated stress on the primary system.
• Since some PSBs extended well outside the zone in which
the influence of the indentation is likely to be significant, it 
v/ould appear that a PSB once nucleated is self propagating. Thus 
stress concentration at the tip of a growing PSB may enable the matrix 
dislocation structure to develop locally into a PSB structure although 
the strain amplitude is too low to initiate PSB formation. This is 
in agreement with results on the push-pull fatigue of copper where 
the stress required to initiate PSBs is above the final saturation 
stress for low amplitude fatigue ( 6 ). In these tests the formation
of PSBs is accompanied by a drop -in the stress amplitude and the present
results suggest that this can be partly explained by a stress localiz­
ation at the PSB tip. This is to be expected if the plastic strain 
becomes localized within the PSB.
7:6 PSB Initiation.
In this section the initiation of PSBs is discussed.
Initially the factors expected to contribute to PSBs being fragmented 
are considered. Subsequently the influence on PSB initiation of cyclic 
softening,of an underlying cellular dislocation structure and of 
dislocations whose Burger’s vectors do not belong to the primary 
plane is discussed.
7:6:1 Initiation of Fragmented PSBs.
For some of the crystal orientations tested (E, H, J) bands 
of short fragmented non-propagating PSB's nucleated near indentations 
(fig. *f*12). It was also found that the groups of PSBs which nucleated
near annealed indentations in FI at the regions 1*5 ^  r ^  3a 
and 260° 0 < 330° were fragmented in comparison with the
bands which nucleated at similar regions near the unannealed indent­
ations made in the same specimen (figs. *+*26 - *f*29).
Fragmented PSBs have been found to be characteristic of 
material strained in tension prior to fatigue (^ -2). According to the 
Perrott model for indentation, a shallow surface region extending from 
the edge of the indentation pit to a radius of ^  2*75a is deformed 
in tension whereas the surrounding region, including the zone directly 
beneath the indenter is subjected to compression. Thus according to 
this model, all the PSBs including the short, broken ones are nucleated 
in the region pre-strained in tension.
The fragmentation of PSBs after a pre-strain may be directly 
related to details of the microstructure or it may be largely an effect 
of the associated residual stresses. Since compressive pre-strains do 
not have this effect, it would appear that residual stresses play an 
important role in the fragmentation. However in the work described in 
this thesis annealing was found to result in PSBs being fragmented in 
comparison with those which formed at similar regions near unannealed 
indentations in the same’ specimen. Since it is to be expected that 
long range residual stresses will be completely eliminated by the anneal­
ing treatments used, the dislocation structure must, in this case, 
contribute directly to the fragmentation.
Pre-straining of copper specimens generally results in a 
dislocation structure consisting of roughly defined cells. Pronounced, 
short extrusions and intrusions are known to form readily in material 
in which the PSB structure has developed from a pre-existing cell
structure (23, bb). This suggests that the short, broken PSBs 
observed near some indentations may also be due largely to the 
existence of a cell structure produced by indenting. In support of 
this, the groups of short PSBs, shown in the .micrographs of Awatani 
et al {bb) of the polycrystalline copper fatigue specimens which had 
been given a tensile pre-strain strongly resemble the bands of short 
PSBs observed near some (unannealed) indentations. The pre-strain 
given to the polycrystalline specimens was shown to result in a dis­
location structure consisting of ragged cells with additional dislocations 
in their interiors. After fatigue, the structure developed into well 
organised cell walls with relatively few dislocations in their 
interiors.
7:6:2 Cyclic Softening.
The appearance of fatigue slip bands in copper specimens 
pre-strained in tension has been associated with the onset of cyclic 
softening (bo) which has been shown to require a reversal of plastic 
strain (38). Thus it is possible that the PSBs near indentations occur 
where the cyclic stress conditions favour local softening. In Chapter 6 
the nett stress distribution near indentations was calculated by 
combining the stress distribution near a hardened zone with the residual 
stress distribution given by the Perrott model. The contours of peak 
nett stress in the tensile and compressive half cycles were compared 
with the PSB distributions near indentations in specimens El and FI, 
figs. 6*2.b and 6*25 respectively.
Most of the bands near El S^U occurred in regions in which the 
nett stress range included both tension and compression which would be 
consistent with the conditions for work softening. However, the strongest
bands near FI S5U occurred in regions which, on this model, were 
cycled in tension only and there are no bands where the stress 
range is greatest. Thus the PSB distributions near indentations 
are not always consistent with the regions of macroscopic work 
softening indicated by the assumed stress distribution.
7:6:3 Influence of a Dislocation Cell Structure Existing prior to 
Fatigue.
The results clearly indicate that the dislocation structure 
produced by indenting plays an important role in the initiation of 
PSBs during fatigue. It is most probable that some form of dislocation 
cell structure is produced by the indenting process since this is the 
usual type of structure produced by the cold working of copper. Annealing 
would not necessarily eliminate such structures but would be expected to 
refine them into well defined cells which had their interiors free from 
dislocations. Furthermore the model developed by Dyer (57) for the 
indentation of the (001) faces of copper single crystals involved using 
dislocations of two different slip vectors for each\lll] plane activated. 
Thus such a mechanism would provide the dislocations required for cell 
walls lying parallel to that plane since a cell wall requires at least 
two different Burger's vectors (23).
Kuhlmann-Wilsdorf and Nine (25) have discussed a possible 
mechanism for the formation of PSBs on the primary plane which have an 
associated dislocation structure consisting of cells. Early in fatigue 
dislocations on the primary plane form into networks approaching the 
form of twist boundaries. These sub-boundaries attract dislocations 
moving on the primary plane and repel others, gradually developing into 
more perfect low angle boundaries. The repelled dislocations assemble
into complementary networks in close proximity to the primary set.
The regions between the networks are depleted of defects so that the 
slip motion is concentrated in them. PSBs form as the regions within 
cells become defect depleted and take the form of disc-shaped channels. 
These are rotated slightly with respect to the surrounding matrix about 
an axis perpendicular to the slip plane. Stress concentrations exist 
at the circumferences of the cells and these may be reduced when 
similar cells line up over larger areas and fuse together to form 
extended channels. As fatigue continues the cell boundaries gradually 
increase in dislocation density with the result that cells and channels 
will rotate further. At the free surfaces this rotation will give rise 
to extrusions and intrusions.
A model of this type might reasonably account for some of 
the PSBs observed near indentations. In particular it was noted that 
PSBs tended to form at regions where the indentation slip changed from 
the primary plane for fatigue to a non-primary plane. Such regions 
would be expected to have a dislocation structure prior to fatigue 
similar to that described by the above model, i.e. a region of non­
primary dislocation cells adjacent to one of primary dislocation cells. 
Thus in this region the crudely defined primary cells could more 
rapidly develop into the more perfect sub-boundaries as some dislocations 
not moving on the primary plane would be attracted by the networks of 
secondary dislocations.
7:6:4 Influence of Non-Primary Dislocations.
Bands of short PSBs v/ere observed near indentations in 
orientations E, H and J. For orientations S and H, the PSB distributions 
were compared with the fine slip produced by indenting (see figs. *f*8
and 4*15). This showed that the short, primary PSBs formed most 
readily in regions where the indentation slip was predominantly on 
the primary plane for fatigue (B).
In Chapter 5 the slip systems most likely to be activated 
by indenting were identified for various regions near indentations 
in particular orientations of crystal, including both E and H. For 
neither orientation were any slip traces on the primary plane (B) 
identified as being due to slip on the primary system for fatigue BIV.
It was also noted that for orientation E short PSBs did not readily 
extend into the zones where the indentation slip was not on the primary 
slip plane. These results are consistent with the findings of Kuhlmann- 
Wilsdorf and Nine (25) who observed that in torsional fatigue tests the 
formation of striations, which appeared to be PSBs, occurred most readily 
where the two most highly stressed slip systems shared the same plane. 
They also deduced that the formation of such striations was impeded by 
the interference of dislocations not lying on that plane. However a 
comparison of the indentation slip with the PSB distributions for 
orientation E showed that PSBs tended to form at the edges of the zones 
of indentation slip on the primary plane. This result may be inter­
preted by supposing that the presence of some dislocations not lying 
on the primary plane aids the nucleation of PSBs.
The reactions of dislocations expected to be produced by 
indenting will now be considered for regions where PSBs were observed 
to nucleate. For the case of El S4U, some of the short PSBs nucleated 
at regions where the indentation slip changed from BV to AIII, for 
example at & ~ 3^0°. The Dyer model of indentation, discussed in 
Chapter 5, indicates that in this region the dislocations on the
primary (B) plane act to lower material below the surface whereas 
those on the critical (A) planes act to raise the material. Thus 
as can be seen from fig. 3*7-, which shows the relationship of the 
slip systems to the surface, the active Burger's vectors are expected 
to be a/2 (1 1 0) on plane B and a/2 ( 1 0  1) on plane A. Perfect 
dislocations with these Burger's vectors are expected to dissociate 
into Shockley partial dislocations.
a Cl 1 O L  a Cl 2 1] + a [2 1 1}
2 t £ (7*1)
a (1 0 1}_> a [1 i 2} + a [2 1 lj
2 6 5 (7*2)
Two of these partial dislocations may combine at the intersection of 
the two planes to form a stair rod dislocation
a fl 2 1] + a [l 1 2j v a [0 1 ll
5 5 T  (7-3)
The direction of this dislocation is (0 1 1) and its slip plane is
(100); this is not one of the normally activated slip systems for 
copper. The stair rod dislocation and two remaining partial dislocations 
form the Lomer-Cottrell lock. This acts as a barrier to other dis­
locations passing down the ( 1 1 1 )  and (1.1 1) planes. Jesser and 
Kuhlmann-Wilsdorf (62) have discussed the stresses on a given slip 
system caused by the presence of dislocations on another system Table 
7*1, which was obtained from this study, lists in descending order the 
effectiveness of an isolated edge dislocation on each < 110> i111] 
and < 110> tlOO] slip system in activating the slip system BIV. It 
is interesting to note that the fourth most effective system is LOil] 
(lOO) . Thus a [ Olll ( ICO) edge dislocation such as would be obtained 
by the reaction described in equation (7*3) would give rise to higher 
glide stresses on the primary system for fatigue than edge dislocations
on either system AIII or BV.
In the region l*25a<r<l*75a and % % 310° PSBs nucleated 
where the indentation slip changed from the B planes to either the 
C or D planes. The traces parallel to C and D are expected to be 
due to slip on either the CIII or CV systems (section 3*2). From 
table 7*1» it can be seen that edge dislocations on CIII would result 
in higher glide stresses on the primary system for fatigue, BIV, than 
would edge dislocations on CV. Perfect dislocations on CV cannot 
react with those on BV to reduce energy. However edge dislocations 
on BV in this region are expected to lower material away from the 
surface and thus have a Burger's vector a/2^1 1 6}while those on 
cIII act to raise material and so should have a Burger's vector 
a/2 C 1 0 l\ (fig. 5*7)* These dislocations may reduce energy by 
forming a Lomer-Cottrell lock. The perfect dislocations are expected 
to dissociate into partial dislocations.
! [ I 1 0]-* I [2 1 l] + | [i 2 II (7-*0
a [l 0 l]-» a [2 1 l] + a [l 1 2] (7*5)
2 Z Z
Two of these partials may combine to form a stair rod dislocation at 
the intersection of the two planes.
f Ci2l] + §[2 1 ^ §  [110] (7-6)
The slip plane of this dislocation is (001). From table 7*1 it may 
be seen that this dislocation results in lower glide stresses on BIV 
than would either of the initial perfect dislocations.
Comparison of the sites of the short PSBs near HI D1U with 
the indentation slip lines (fig. *+*15) shows that although these form
in the general region where the indentation slip was on the primary 
plane, some of these short PSBs readily nucleated in the region near 
(r, b  ) = (l*23a, 8o°), where some of the indentation slip lines 
were on the cross slip (D) plane. The active Burger’s vectors are 
expected to be a/2^0 1 l\on the primary plane accomplishing a 
downward movement of material and a/2 Lllol on the cross slip plane 
acting to raise material towards the surface (fig. 5*9)• These 
dislocations may reduce energy by the following reactions which result 
in a Lomer-Cottrell lock.
a [0 1 l] a [l 2 l] + a p. 1 2\
2 Z Z
a [ 1 1 0]-> a [2 1 l\ + a [l 2 l\
2 Z Z
a [i 1 2] + a [2 1 l] -» a[l 0z z z
In this case the slip plane of the stair rod dislocation is (0 1 0).
As indicated in table 7*1» this dislocation does not result in high 
glide stresses on the primary system for fatigue. It is expected 
therefore that this dislocation reaction is not significant in 
contributing to PSB formation through stress enhancement.
The visible indentation slip in the region separating the 
bands of short PSBs near indentations in HI is all on the primary 
plane, most probably system BII. Thus in this case it is not a high 
concentration of dislocations on a non-primary plane produced by 
indenting which limits the length of the individual PSBs.
The primary PSBs which nucleated in the region l*3a<r<3a 
and 260° < b  < 330° outside annealed indentations in orientation
F occurred where the indentation slip was on a mixture of the 
primary (B) and cross slip planes (D) for fatigue. In this region
the dominant slip systems activated by indenting are expected to 
be BII and DVI. The dislocations on the primary plane are expected 
to have the Burger’s vector a/2 C 0 1 1^ and should tend to raise 
material towards the surface, while those on the cross slip plane 
lower the material and have Burger's vector a/2 [ 1 1 o][ (fig. 5*8). 
Thus this case is identical to that just described for the region 
(r, 8- ) di (l*25a, 8o°) near indent HI DIU. Thus the dislocation 
reactions expected from the indentation slip would not aid the 
formation of PSBs by localised stress increases.
Short PSBs formed near the edges of some specimens, thus 
well away from the indentations, in regions where the fine slip which 
developed early in fatigue, changed from the primary to a non-primary 
plane. The PSBs themselves formed on the primary plane but appeared 
to be initiated at the boundary of the two systems of slip. An 
example of this which occurred at the edge ab of specimen El was 
shown in fig. *f*2. Fig. 3*7 shows the Schmid factors for the most 
highly stressed slip systems as a function of the angle between the 
stress axis and the central axis of the specimen, the limits corres­
ponding to the specimen edges. It can be seen that over most of the 
surface BIV should be the most highly stressed slip system and AIII 
the second most highly stressed. Towards the edge ab (t^, BV and 
AVI become respectively the most highly stressed and second most 
highly stressed systems. In the region where the fine slip is on the 
critical slip plane (A), AVI is expected to be the most highly stressed 
and BV, BIV and AIII the second, third and fourth most highly stressed 
systems respectively. Perfect dislocations on these four systems may 
interact to reduce energy by the following reactions.
| [ i  o l] + | [l l o] = | [0 I 1] (7-10)
| [1 0 l] + | [I 1 o] = fto'l l] (7-11)
| [i o l] - | [I I o] = a [0 1 1]
2
(7.12)
f t i ' i o ] -  | D  0 1] = | [oil] (7-13)
Reaction (7*10) is between dislocations on slip systems 
BIV and BV and results in dislocations on the third slip system on 
the primary plane BII. Similarly reaction (7*11) is between dis­
locations on systems AIII and AVI and provides dislocations on 
system All. Thus these types of reaction provide all the dislocations 
required for the formation of dislocation cells lying parallel to the 
primary or critical planes. Reaqtions (7*12) and (7*13) result in 
Lomer Locks belonging to the slip system foil} (100). The energy 
of a Loiper Lock may be reduced by its dissociation into a Lomer-Cottrell 
lock.
! Co 1 l] -> f  [o 1 l] + | [2 11 ] +  I [2 1 1 ]  (7-1*0
The resulting stair rod dislocation also belongs to the slip system 
[Oil] (100). As can be seen from table 7*li dislocations of this 
type produce high glide stresses on BIV.
Short PSBs were also observed to nucleate at the edge 
ac (t^) of specimen II. As can be seen from the Schmid factor diagram, 
fig. 3*7» only two slip systems are highly stressed at this edge, 
there are BIV and Cl. Table 7*1 indicates that edge dislocations on 
each system result in high glide stresses on the other. Dislocations 
on these two systems may also reduce energy by the following reactions
which result in a Lomer Lock.
I [ 1 0 l] -> | 12 1 l] + | [1 1 2 ]
|  [ 0  1 i ]  I  I'1 2 1 ] +  f  [ 11 2]
§ [ 2 1 1 ] +  § ll 21] -* | [II 0]
The slip plane for the resultant dislocation is (001). Such a 
dislocation would also provide comparatively high glide stresses 
on system BIV.
Thus in summary PSBs appear to form most readily in 
regions where the primary dislocations produced by fatigue can react 
with dislocations moving on another slip system but on the same slip 
plane. Dislocations moving on planes other than the primary aid PSB 
nucleation possibly by forming an obstacle to the passage of dis­
locations on the primary plane. This is expected to result in a 
local increase in dislocation density on the primary plane in the 
vicinity of the obstacle where consequently PSB nucleation is enhanced. 
PSBs were found to form readily near indentations in regions where the 
dislocations activated by indenting could react to reduce energy by 
forming Lomer-Cottrell Locks. These locks would be expected to act as 
a barrier t;o the free motion of dislocations on the primary plane.
7:7 Suggestions for Future Work.
The work described in this thesis has shown that the plastic 
deformation produced by indentation results in early PSB formation.
In particular it has been shown that the dislocation arrangements 
produced during indentation play an important role and that their 
effect is not eliminated by high temperature annealing. Further work 
is needed to establish the mechanisms involved.
(i) The distribution of dislocations near annealed and
unannealed indentations should be examined by etching suitably 
orientated crystals. These should be compared and they should also 
be compared with the PSB distributions obtained after fatigue.
(ii) The microstructures associated with both the annealed and
unannealed indentations should be examined by transmission electron 
microscopy (T.E.M.). Areas of particular interest are the regions 
outside annealed indentations where PSBs readily form during fatigue.
(iii) The dislocation arrangements associated with both the short,
fragmented PSBs and the long propagating PSBs should be investigated 
by T.E .M. The microstructure of the propagating PSBs should be 
examined both for regions close to the indentation and for regions 
outside the plastically deformed zone. Studies of the dislocation 
configurations at the tip of a propagating PSB when it has extended 
outside the plastically deformed zone should be particularly useful 
in providing insight into the development of the PSB structure from 
the matrix structure.
Much of the work establishing the properties of PSBs has 
involved push pull fatigue. The effects of small indentations on 
specimens cycled in push-pull at low amplitudes should also be 
examined. This testing technique should enable tests to be continued 
for a larger number of cycles than was possible with the testing 
system described in this thesis.
Slip plane notation Slip direction notation
Critical A (ill)
Primary B (ill)
Conjugate C (ill)
Cross D (ill)
Possible slip systems
A II ( h i ) C oll]
A III ( in ) C M
A VI ( in ) |iio }
C I ( i i i ) C on]
C III ( i'll) C101!
C V (H i) Clio]
I £0113
II \j)ll3
iii [1 0 1 3
iv (Toil
v TiioD 
VI [ n o ]
i ii (111) C0n! 
i iv (in) 
b v (in) £lio]
d i (ill) (*Oi:Q
D IV (ill) ClOl] 
D VI (ill) { n o ]
Table 3.1 Defines the notation used to identify the slip 
planes and directions and lists the twelve 
\lll] <110> slip systems.
Orientation Angle between slip
direction vector and 
normal to surface
E 65°
P 59°
G 66°
H 72°
I 63°
J 61°
K 50°
Table 3*2 Angles between the normal to the surface 
and the primary slip direction vector 
(Coi \~]) for orientations E - K.
Wheel 
H I  
W 2
W 3
W 4
Table
Measured
deflect­
ion
hm (mm)
Total strain 
amplitude
Plastic strain 
amplitude
y
Saturation 
shear str-* 
ess
%  (MPa)
No.of cycl 
to
saturation
Ns
0.13 2 X  10“4
0 .25 4 x 10~4
0.47 8 x 10~4 8 x 10“^ 26.6 7 x 104
0.52 9 x 10“4 1.8 x 10“4 27.9 3 x 104
3*3 Deflections at narrow end of specimen close to clamp* 
and calculated strain amplitudes for wheels W1 - W4$ 
estimates of the plastic strain amplitude, saturation 
sheer stress and number of cycles to saturation are 
included for W3 and W4«
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Table 4*1 Details of the specimens of orientations E - G.
These specimens were.all cycled at a final strain 
amplitude of 8 x 10 • Material was either of
commercial purity (C.P.) or 99*99+$ pure (H.P.).
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Table 4.2 Details of specimens of orientations H - J. These
specimens were all cycled at a final strain amplitude 
of 9 x 10“ . Material in all cases was commercially 
pure copper.
Maximum Penetration (p/d)
No. of cycles LI L2 L3 _ L4 L5 L6 L7
3-9 x 104 0*9 0*9 1-1 0*9 - 1-2
9*4 x 104 1 « j 0-9 1*4 1*3 1-3 0*8 1*4
1*7 x 105 } » } 1-2 2 1-8 2 1 • 6
3*8 x 105 j • 1 1*2 2 1-8 2*4 1 * 1 1*6
5-4 x 105 1 * 1 1-4 2-1 2 *1 3 1 * 1 1-6
7-1 x 105 I • 1 1*4 2-3 2*1 3 1*1 1*6
1*1 x 106 1*1 1-4 2-4 2-3 3-4 I • 1 1*6
Tahle 4*3 Penetration of propagating PSB* s (maximum distance 
from the centre of the indentation) which initiated 
near E2 D3U#
tNo* of cycles 
to nucleation
. Nucleation 
region
Length (l) and 
penetration (p). 
at n = 3 .7 x 104
Spec PSB ZJmin Nmax Or r/a 1/a Pm ax/a
L 1 7 .2 x 103 15° 1.4 .6 1.7
L 2 1 .2 x 104 2.5 x 104 OJ O VJ1
O
1.4 .6 1.7
E1.S4U L 3 5 .9 x 104 9 .2 x 104 145° 1 .6 - -
L 4 1 .2 x 104 2 .5 x 104 200° 2 .6 1.4 2 .8
L 1 6 .3 x 103 1 .2 x 104 312° 1.5 6 4,8
L 2 6 .3 x 103 297/ 1 .8 6.7 2 .8
P1.S5U L 3 6 .3 x 103 i:2 x 104
315l
64° 2.3 5.1 6 .4
L 4 6 .3 x 103 1 .2 x 104 160° 2 2.9 3.8
L 5 1 .8 x 104 3 .6 x 104
00■^1-
CVJ 1 2.9 4
Table 4 .4  Comparison of propagating PSBs near indents E1.S4U 
and PI•S5U•
I II III IV V VI
(Oil) (Oil) ( 101) ( 101) (110) ( n o )
c/d A/B a/c b/d b/c a/d
E 89 6 5 0 3 30*62 65.12 32.56 64
F 72 26*74 86*47 58.5 68*25 33-74
H 58*12 35-38 88*7 71-96 59-63 33*08
Table 5<>1 The angles (in degrees) between the < 110> 
direction vectors and the normal to the 
specimen surface for orientation E, P and H
r *a a
& 0 15 30 45 60 75 90 105 120 135 150 165
All 1,03 1.4* 1.73 1»/6 1.54 l.U ,85 1,19 1.48 1.52 1.29 ♦87
AIII 2,17 2.15 2.07 1.94 1.S1 1.71 1,66 1.63 1.77 1.39 2.02 2,12
AVI 1,19 .91 1,17 1.48 1,54 1.34 .93 1.04 1.43 1.73 1.79 1.59
311 1,25 1. jl 1.51 1.27 .87 1.1 1.51 1.77 1.78 1.53 1.11 .89
31 v' 1.7? 1,75 1.47. 1.08 .33 1.3 1.52 1.49' 1.21 .9 1.15 1.56
BV 2,11 1.98 1.35 1.75 1.72 1.76 1,86 1.99 2.12 2.21 2.25 2,21
Cl .6 1,07 1.26 1.11 ♦67 .05 .6 1.07 1.26 l.U .67 .05
cm ,72 .98 l.lo 1.19. 1.05 .78 .62 *.B .99 1.01 ♦37 .6
cv ,85 1,03 1.03 .86 .58 ♦74 1.03 1.2 1.2 1.03 .74 .58
01 ,32 .56 ,67 .61 .39 .08 ,33 .53 .69 .62 ♦41 .1
DIV 1,47 1.6 1.73 1.84 1.92 1,84 1.73 1.6 1.47 1.42 1.5 1.42
DVI 1,53 1.43 1.51 1.63 1.77 1.87 1.96 1.92 1.82 1.7 1.57 1.46
r = 1 .2 5 a
-
0 15 30 45 60 75 90 105 120 135 150 165
All ,83 1.17 1.4 1.43 1.25 .91 ♦66 .93 1.15 1.18 1 .66
AIII 1.73 1.76 1.63 1.55 1.42 1.32 1.28 1.3 1.36 1.5 1.63 1.73
AVI ,97 .71 .91 1.15 1.2 1.04 ♦71 .84 1.17 1.41 1.46 1.3
311 ,97 1.17 1.18 .98 *67 ,9 1.23 1.44 1.44 1.25 .91 ,68
BIV 1.45 1.42 1.2 .83 . .68 1.01 1.1? l.lo .94 ♦7 .94 1.27
BV 1.71 1.53 1.45 1,35 1.32 1.36 1.46 1.59 1.72 1.31 1.84' 1.8
Cl ♦48 .85 1 .89 ♦54 ‘ ♦04 ♦47 .85 1 .33 .53 .04
cm ♦59 .8 .95 *97 .85 ♦64 ♦48 .62 ' .77 .79 ,68 .46
cv ♦6 6 " .8 .8 *67 .44 .6 ♦84 .93 ♦98 .84 .6 .45
DI .25 .45 .53 .43 .31 *06 ♦27 .46 .55 .5 .33 .08
DIV 1.14 1.27 1.4 1.51 1.57 1.51 1.4 1.27 1.14 1.09 1.15 1,09
DVI 1.17 . 1,14 1.17 1.3 1.43 1.53 1.61 1.53 1.48 1.36 1.23 1.12
r = 1,•5a
& 0 15 30 45 60 75 90 105 120 135 150 165
All .68 .95 1.14 1.16 1.02 .75 .51 .71 ,B9 • ♦91 ♦77 ♦5
AIII 1,46 1.44 1.36 1.24 1.11 1 .96 .98 1.06 1.18 1.31 1.41
AVI .8 *5 j *69 .-♦83 .92 ♦79 ♦54 .68 .95 1.14 1.18 1.05
311 .74 .9 .91 .75 .51 .74 1 1.17 1.17 1.01 ♦75 ♦52
BIV 1.17 1.15 .93 .71 ,51 ♦77 ♦91 .89 ,72 ♦54 .77 1.03
BV 1.33 1.25 1,12 1,02 .99 1.03 1.13 1.26 1.39 1.48 1.51 1,48
Cl ,o3 ' .68 .8 .7 .42 .03 *38 .67 ♦79 ,7 ♦42 .03
cm ,43 .65 .77 .78 .69 ♦52 .37 .47 .59 .61 .52 .35
cv .51 ,62 .62 .51 .34 ,49 .68 .79 .79 ♦63 .5 .34
01 .2 «j5 .42 .33 .24 .05 .21 .37 .44 .4 ♦26 ,07
DIV *38 1.01 1.14 1,24 1.29 1.24 1.14 1.01 .83 .32 .87- ’ .82
DVI .88 .56 .9 1.02 1.15 1.26 1.32 1.3 1.21 1.08 .95 ,b'5
Table 5*2(a) and (h) Indentation stresses, given hy the Perrott
Model, in units of y resolved onto each 
(ill) slip system for various (r, (9)
positions near an indentation in orientation E.
r s 2a
0 0 15 30 45 60 75 90 105 120 135 150 165
All •43 .61 .72 .73 ♦ 49 .26 .36 ♦47 .43 .4 ♦24
AIII .96 .94 .86 .73 .61 ♦5 .46 .43 .56 .63 .31 .91
AVI ♦ j<£ .3 .35 .46 ♦49 .41 .26 .42 .61 .72 ♦74 .67
Eli •38 .47 ♦ 43 .39 .25 .48 ♦64 ♦74 .74 .65 ♦49 .26
BIV ♦/ 4 .73 .63 .45 .24 ♦4 .48 ♦47 .36 .23 .51 ♦66
BV .86 .73 .6 .5 .47 ♦51 .61 ♦74 .87 .96 ♦99 .96
Cl ♦22 .4 ♦47 .41 .25 ♦02 ♦22 ♦39 .46 .41 ♦25 .02
c m .3 .42 ♦49 •5 .44 ♦34 ♦2 ' .24 *31 .32 .27 ♦ 17
cv •26 .32 .33 .26 • lo .32 ♦43 ♦5 .5 .44 ♦32 ♦16
DI .11 .2 ‘.24 .22 .14 ♦02 .13 .22 .26 .24 ♦16 .04
DIV .46 ♦5? ♦72 ♦31 .34 .31 ♦72 .59 .46 ♦39 .42 ♦39
DVI .42 ♦41 ♦46 .53 ♦72 .32 .36 .85 .77 .65 ♦51 ♦41
r = 2 •5 a
• -
Q 0 15 30 45 60 75 90 105 120 135 150 165
All .24 .34 .3? .4 .36 ♦29 .07 ♦09 .14 .15 ♦11 ♦04
AIII .57 .55 ♦47 .35 .22 ♦11 ♦07 .09 ♦ 17 .29 .42 .52
AVI .3 .1 .09 ♦ 14 .15 .11 ♦05 .23 .34 ♦4 .41 ♦37
BII ♦1 ♦ 14 .14 .1 .05 .27 .36 ♦4 ♦4 .36 ♦28 ♦06
BIV ♦41 .4 .35 .25 , .04 ♦11 .14 .14 ♦09 .08 .3 .37
BV .45 .32 ♦ 19 .1 ' .07 ♦11 .2 ♦34 .47 .56 .59 ‘ ♦55
Cl .1 ♦18 .21 .19 .11* ♦01 ♦1 .18 .21 .18 ♦ 11 .01
Cl II .16 ♦24 .27 .27 .25 ♦2 .06 .06 ' ♦09 .0-9 ♦07 ♦03
cv .07 ♦1 .1 .07 .03 .19 .24 .27 ♦27 .24 .19 .03
DI .04' .0? .1 .09 •06 ;o i ♦06 ♦ 1 .12 .11 .08 .02
DIV .14 ♦27 .4 .43 ♦49 .48 .39 .26 .13 .06 ♦07 ♦06
DVI ♦07 ♦06 .12 .24 ♦38 ' .48 .51 ♦5 .43 .31 ♦ 18 ♦07
T aisle 5.2(1))
r » a
Or 0 15 30 45 60 75 90 105 120 135 150 165
All •47 ♦24 .46 .65 .71 .62 .4 .27 .52 ♦72 ♦78 .69
AIII .44 .24 .83 1.2 1.25 .97 .44 .24 .83 1.2 1.26 .78
AVI ♦5 *3? .7 .83 .87 .63 .37 .33 .64 .82 .31 ♦62
BII l'5o 1.5 1.5 1.55 1.65 1.77 1.83 1.94 1.95 1.89 1.79 1.67
BIV 1.4? 1.1 .89 1.31 1.53 1.5 1.23 .92 1.15 1.57 1.8 1.77
BV 1.41 1.1 .63 .95 1.41 1.64 1.6 1.2? .8 .77 1.22 1.45
Cl 1.52 1.44 1.33 1.22 1.12 1.15 1.2 1.11 1.15 1.26 1.37 1.48
c m .33 .26 .48 .65 .71 ♦ 64 ♦45 • .24 .41 ♦5? .65 .57
cv 1.6 1.63 1.72 1.67 1.59 1.49 1.33 1.3 1.33 1.31 1.39 1.4?
DI ♦99 1.34 1.43 1.26 .36 ♦77 1.19 1.53 1.63 1.45 1.06 ♦7
DIV 1.23 1.43 1.32 1.95 1.84 1.51 1.25 1.16 1.5 1.63 1.51 1.13
DVI 1.73 1.76 1.37 2 2.13 2.22 2.25 2.1? 2.08 1.94 1.81 1.72
r » 1.25a
9" 0 15 30 45 60 75 90 105 120 135 150 165
All ♦38 .19 .36 .51 .56 ♦49 .31 ♦21 .42 .53 •63 .55
AIII .35 .19 .66 .98 1 .78 .35 .19 .66 .96 1 .78
AVI .24 .32 .57 .71 .7 .55 .3 .26 .51 .65 .64 .49
BII 1.21 1.15 l.lD 1.2 1.3 1.43 1.53 1.5? 1 .6 1.54 1.44 1*32
BIV 1.22 .89 .63 1.0 1 , 1.19 1.17 .95 .71 .94 1.28 1.46 1.44
BV 1.11 .06 .43 .73 1.14 1.33' 1.29 1.05 .66 .59 .95’ 1.14
Cl 1.25 1.18 1.03 .97 .36 .OO .92 .85 .9 1.01 l.U 1.21
c m 10 .21 ♦39 • .53 .57 .51 .36 .19' .32 .46 .51 .45
CV 1.3 1.37 1.41 1.37 1.29 1.18 1.03 1 1.02 1 1.08 1.1?
DI ♦77 1.05 1.12 .99 .67 *.62 ‘.97 1.24 1.32 1.18 .36 ♦55
DIV .98 1.22 1.4? 1.59 1.5 1.24 ♦?9 .8? 1.16 1.26 1.17 .91
DVI 1.32 1.35 1.46 1.6 1.73 1.62 1.84 1.7? 1.68 1.54 1.41 1.32
r
0 "
- 1 .
0
5a * 
15 30 45 60 75 •90 105 120 135 150 165
All .31 ♦ 14 ♦23 .4 .44 .38 *24 .17 ♦34 .47 ♦5 ♦45
AIII •25 .15 .52 .76 .79 ♦61 ♦27 .15 .53 .76 ♦79 ♦62
AVI .18 .26 .46 . .57 •56 ♦44 ♦24 .2 .3? .5 •5 ♦38
BII .93 •86 .86 .92 1.02 1.14 1.25 1.31 1.31 1.26 1.15 ' 1.03
BIV ♦99 ♦73 ♦51 .73 ♦92 ♦9 ♦73 .54 .78 1.04 1.18 1.17
BV .36 .66 ♦36 .64 .?2 1.07 1.04 .65 .54 .45 .73 .88
Cl 1.02 ♦97 .83 .76 •66 .67 ♦69 .64 .6? .8 .91 ♦99
c m .23 .16 .31 .42 ♦46 .41 .29 .15 .25 .36 ♦4 .35
cv 1.05 1.13 1.16 1.12 1.04 ♦94 .33 .75 .77 .76 .34 .94
DI ♦59 ;si .37 .76 .51 ♦5 .79 1 1.06 .95 .7 ♦43
DIV ♦77 1 1.21 1.29 1.22 1.01 .79 .67 .83 .97 .3? .69
DVI ♦99 1.03 1.14 1.28 1.41 1.4? 1.51 1.46 1.35 1.21 1.03 1
Table 5.3(a) and (b) Indentation stresses, given by the Perrott
Model, in units of y resolved onto each {.111} 
^110^ slip system for various (r, ©■) 
positions near an indentation in orientation F.
r » 2a
& 0 15 30 45 60 75 90 105 120 135 150 lo5
All ♦19 ♦03 .15 ♦22 .24 .21 .13 ♦ 11 .21 ♦29 .31 .27
AIII ♦16 ♦09 .3 ♦44 *46 ♦36 .16 .09 .31 ♦45 ♦47 •06
AVI .09 ♦ 16 .28 ♦34 .34 .27 .15 .1 ♦22 .23 .28 ♦21
BII .43 ♦41 .41 ♦47 ♦57 .69 .79 ♦86 ♦ 86 ♦8 .7 .58
BIV ♦64 ♦46 ♦24 .4 ♦46 .47 .37 .28 ♦51 ♦66 .75 .74
BV ♦o5 ♦ 18 ♦41 ♦53 ♦67 ♦65 .54 ♦35 .22 .39 ♦48
Cl ♦67 ♦o3 ♦3o .44 .33 ♦32 .34 ♦31 ♦37 ♦ 43 *5o .65
Cl II ♦ 12 ♦ 1 ♦ 26 ♦23 ♦26 ♦19 .03 .13 ♦2 .22 .19
cv ♦66 ♦74 ♦ 7 6 .73 .65 ♦o5 .44 .36 ♦37 ♦37 ♦45 .55
DI ♦31 ♦43 .47 ♦4 ♦26 ♦3 .5 .63 ♦66 ♦6 .45 .24
DIV »4i ♦65 ♦78 ♦82 .73 ♦06 .46 ♦32 ♦45 .5 ♦45 ♦33
DVI .47 ♦51 ♦62 ♦76 ♦39 .98 ♦99 ♦94 .83 .69 .57 .48
r = 2 *5a
O' 0 15 30 45 60 75 90 105 120 135 150 165
All ♦11 ♦03 .05 .08 .09 .05 .04 .06 ♦11 .15 .16 ♦14
AIII ♦08 ♦04 ♦ 14 ♦2 ♦21 *16 .07 ♦04 ♦ 14 .2 ♦21 .16
AVI .02 ♦09 .14 ♦ 17 .17 ♦14 .09 ♦03 ♦03 .11 .11 .08
BII ♦13 ♦06 ♦06 ♦12 ♦22 ♦34 .45 .51 ♦51 .46 ♦35 ♦23
BIV ♦36 ♦26 .04 ♦ 11 . .14 .14 ♦09 ♦08 ♦3 .37 .41 .4
BV ♦16 ♦1 .03 .24 .31 .35 .34 .29 ♦21 .05 ♦ 12 ' .16
Cl ♦39 ♦38 ♦3 .19 .08* .05 ♦06 .05 .11 ♦22 .33 .38
chi .04 ♦05 .11 .14 .15 ♦13 .1 .03 ' .04 ♦07 ♦08 ♦07
cv o 6s ♦43 ♦ 4 j .43 .35 ♦24 .14 ♦06 ♦06 .06 .14 .25
DI .08' ♦ 14 ♦ 16 .13 ♦06 ♦*16 .28 ♦33 .35 .32 .26 .09
DIV . 2 ♦*>8 ♦ 4 4 ♦46 ♦ 4 4 .39 ♦ 2 1 ♦06 . 1 1 .13 . 1 1 ♦06
DVI .07 ♦ 1 1 ♦ 2 2 ♦36 .49 .58 .59 .54 .43 . 2 ? .17 .08
Taisle 5.3(13)
r = a
e 0 15 jO 45 60 75 90 105 120 135 150 165
All 1.5? 1.45 1.21 1.04 .99 1.23 1.31 1.2 .93 1.07 1.27 1.51
AIII 1*0? 1.18 .95 .46 ♦ 12 .7 1.09 1.19 .96 .47 .11 .7
AVI 1*04 1.24 1.25 1.14 .97 1.13 1.32 1.53 1.57 1.43 1.19 1.04
BII 2.1 2.22 2.29 2.29 2.22 2.1 1.95 1.33 1.76 1.76 1.83 1.95
BIV .53 .5 .22 -.23 -.34 .09 .32 .3 .01 -.42 -.13 .3
BV 1.54 1.24 1.22 1.44 1.8 1.95 1.87 1.57 1.29 1.11 1.46 1.62
Cl 2.12 2 1 .So 1.71 1.63 1.72 1.63 1.7 1.85 2 2.11 2 .2
c m .64 ♦71 .58 ♦28 -.0 1 .36 ♦62 ' .69 .56 .26 .01 .38
cv 1.72 1.53 1.64 1.67 1.55 1.63 1.83 1.97 2.11 2.14 2 1.87
DI 1.36 1.72 1.93 1.9 1.63 1.31 1.09 1.4 1 .6 •' 1.57 1.31 1.15
DIV .22 .41 .33 0 -.36 - .0 1 .41 .6 .52 ♦19 -.25 - .2
DVI 1.71 1.3 1.93 2.06 2.17 2.22 2.1? 2.09 1.96 1.83 1.72 1.71
r = 1 .2 5 a
0 \ 0 15 30 45 60 75 90 105 120 135 150 lo5
All 1.29 1.21 .99 .83 ♦76 .95 1.02 ♦93 .71 .36 1.04 1.23
AIII .86 ♦94 .76 .36 .1 ♦56 .87 ♦95 .76 .37 .09 .55
AVI .8 ♦96 ♦ 99 .88 .75 .91 1.08 1.25 1.28 1.17 .97 ♦82
BII 1.63 1.31 1.83 1.88 1.81 1.69 1.54 1.42 1.35 1.35 1.42 1.54
BIV .44 .42 .19 -.17 . -.29 .05 .24 ♦21 -.0 1 -.35 -.09 .26
BV 1.2 ♦96 .96 1.18 1.46 1.59 1.53 1.29 1.04 .85 1.13' 1.26
Cl 1.74 1.63 1.48 1.33 1.25 1.32 1.25 1.33 1.47 1.62 1.73 1.81
c m .51 ♦57 ♦46 ♦23 - .0 1 ♦28 ♦49 ♦55 ' .44 .21 ♦01 .31
cv 1.36 1.22 1.26 1.28 1.19 1.32 1.47 1.61 1.73 1.75 1.64 1.51
DI l.li 1.4 1.57 1.54 1.33 1.06 ♦84 1.08 1.25 1.22 1.01 ♦9
DIV .15 ♦31 .25 - .0 2 -.29 .01 .34 ♦5 .44 .17 -.19 -.18
DVI 1.31 1.4 1.53 1.67 1.77 1.82 1.79 1.7 1.57 1.43 1.33 1.31
r
0
a 1 • 5a 
0 15 30 4j 60 75 90 105 120 135 150 165
All 1.05 .98 .81 .65 .57 .73 ♦/8 ♦71 .54* .68 ♦85 1.01
AIII .68 ♦74 ♦6 ♦29 .03 • ♦45 ♦69 ♦75 ♦61 .3 .07 ♦44
AVI .6 ♦73 ♦75 • ♦67 ♦57 ♦73 .89 1.02 1.04 .96 ♦79 .64
BII 1.35 1.47 1.54 1.54 1.47 1,35 1.21 1.03 1.01 1.01 1.03 1.21
BIV ♦37 ♦35 ♦ 17 -♦11 -.25 *02 .17 ♦ 15 -.03 -.3 -.05 .22
BV .91 .72 ♦76 ♦97 1.19 1.29 1.24 1.05 .83 .64 .86 .96
Cl 1.43 1.32 1.17 1.03 ♦93 .99 .94 1.02 1.17 1.31 1.42 1.43
CIII ♦41 .45 .37 .13 - .0 1 .22 »j8 ♦43 .35 .16 .01 .24
CV 1.06 ♦93 .95 .97 .8? 1.02 1.17 1.31 1.42 1.43 1.35 1.22
DI ♦91 1.14 1.23 1.26 1.09 .85 .64 .82 .95 .93 ♦77 .69
DIV .1 .22 .17 -.03 -.24 ♦03 .29 ♦41 .36 »ifl -.14 -.16
DVI .99 1.08 1.21 1.34 1.45 1.5 1.47 1.33 1.25 1.11 1.01 .98
Table 5 .4 (a) and (b) Indentation stresses given by the Perrott
Model in units of y resolved onto each 
{ill} ^ 1 1 0^ slip system for various (r, 0 ) 
positions near an indentation in orientation H.
r = 2a
0 0 15 30 45 60 75 90 105 120 135 150 165
All .67 ♦63 .53 .37 .23 .37 .4 ♦35 .26 ♦4 .56 .65
AIII ♦4 .43 .35 *17 .05 .26 ♦41 .44 .36 .17 ♦ 04 .25
AVI .29 ♦37 .39 .33 .29 .44 .58 .65 .67 .62 .51 .36
BII ♦82 .94 1.01 1.01 ♦94 .32 .68 .55 .43 .43 ♦a5 .68
BIV .26 .25 .14 ”♦03 -.19 -.03 .06 .04 -.06 -.21 ♦01 .17
BV .+6 .35 .43 ♦64 .77 ♦33 .3 .69 .5 .3 ♦44 .49
Cl .94 .83 .69 .54 .45 .48 .45 ♦53 .63 ♦33 .93 .97
cm .24 ♦27 .22 .11 -.01 .13 .22 *.25 .2 • ♦09 ♦01 .15
CV .6 .46 .46 .47 ♦43 *56 ♦71 .85 .93 ♦94 .38 .75
DI ♦59 ♦74 .81 .8 .7 .53 ♦32 .41 .4? .43 .38 .37
DIV .02 .09 .06 -.06 -.16 .06 .21 .28 .25 .13 -.06 -.13
DVI .48 .57 ♦7 .83 .94 .98 .96 ♦87 .74 ♦6 .5 .47
r « 2 #5a
0. 0 15 30 45 60 75 90 105 120 135 150 165
All O-l 0.1 .36 .32 .16 .05 .09 ♦1 .08 .04 ♦ 19 .33 .37
AIII .18 ♦19 ♦ 15 .07 .02 .12 .18 .2 ♦ 16 .03 ♦02 .11
AVI .05 ♦09 .09 .07 ♦07 .22 ♦34 ♦37 ♦ j8 *36 .29 .14
BII .41 .53 .6 .6 .53 ♦41 .27 .14 .07 .07 ♦14 .26
BIV ♦17 .17 .12 .04 , -.14 -.07 -.03 -.04 -.08 -.15 .06 .13
BV .12 ♦07 .17 .33 ' ♦44 .46 ♦45 .4 .24 .05 .1 * .13
Cl ♦5g ♦46 .31 .16 .07 • ♦08 .07 .16 .3 ♦4s *55 ♦57
c m ♦11 .13 ♦ I ♦06 -.01 .05 .09 ♦ 11 ' .03 .03 ♦01 .07
cv ♦24 4♦ X .03 ♦03 .07 .2 *35 ♦49 ♦5o .55 .52 .39
DI .34 ' .42 ♦45 .45 .41 ♦28 .07 .1 .13 .13 .08 .12
DIV -.04 -.01 -.02
COo1* -.1 *08 ♦15 .18 .17 .11 0 -.11
DVI .03 .17 .3 .44 ♦54 ' •58 .56 ♦47 ♦34 ♦21 ♦1 ♦07
Tatle 5.4(b)
fi
1
0 15 30 45 60 75 ' 90 .105 120 135 150 165
All - .0 2 -.0 2 -.05 1.35 .73 .9 .7 .68 1.42 1.56 -.13 -.06
AIII 0 0 0 1.03 2.55 1.75 1.5 1.66 2.29 ♦74 - .0 1 0
AVI - .0 2 - .0 2 -.05 2.37 1.73 *dO .81 .93 .87 .32 - .1 2 -.06
BII - .6 6 - .6 0 -.4 1.35 .63 .73 ♦58 .58 1.1 .47 -.54 -.63
BIV -.45 -.43 -.24 .29 2.61 1.97 1.69 1.86 2 .6 .54 -.39 -.47
BV - .2 2 -.23 -.15 2.14 2.13 1.24 1.12 1.28 1.5 ♦07 -.15 -.2 1
Cl -.43 -. 4j -.3 2.08 1.04 1.12 .83 ' .83 1.73 1.36 -.27 -.41
c m -.03 - .0 1 - .0 2 .83 .53 *6 *47 .46 .94 1.03 - .1 -.06
cv -.46 -.45 -.27 1.25 .5 .52 .42 .42 .79 ♦33 -.37 -.47
DI - .2 2 -.23 -.15 1.11 .42 .5 .39 .33 .79 ♦67 -.14 -.2 1
DIV -.43 -.44 - .2 2 .09 ♦27 ♦37 .28 .26 .63 1.23 -.5 -.53
DVI -.6? -.67 -.37 1.02 .15 .13 ♦11 .12 .16 .56 -.64 -.74
e* * 1.25
0 15 30 45 60 75 90 105 120 135 150 165
All 0 -.17 -.17 .86 .55 .44 .59 .71 .46 ♦25 .38 ♦07
AIII .15 .23 ♦71 1.43 1.33 1.4 1.33 1.34 1.2 1.24 .62 .21
AVI ♦05 .11 .61 .57 - .9 1.04 .81 .64 .87 .91 .01 -.0 1
BII -.26 -.13 -.16 .7 .34 ♦53 .0 .77 .66 .14 - .1 1 -.29
BIV -.05 .11 .61 1.63 1.77 1.66 1.62 1.64 1.55 1.26 .46 .01
BV ♦03 .23 .74 * .96 1.18 1.23 1.09 1.01 1.07 1.06 .15 -.03
Cl - . 1 0 0 1.07 .87 . »62 . *81 1.01 .63 .35 .2 -.14
Cl II - .0 1 - .1 2 -.13 .57 .33 .31 .4 .47 .32 .17 .26 .06
CV -.13 - .1 2 - .1 2 .5 .6 .36 .43 ♦55 .47 ♦ 12 -.06 - .2
DI -.06 .01 ♦03 .49 •.39 ♦26 .36 .46 .3 .13 .07 -.03
DIV -.24 -.3 -.29 ♦39 .54 .3 .31 .42 .42 -.03 .04 -.13
DVI -.34 -.3 -.29 .13 .57 .29 .22 .3 .44 -.09 -.37 -.35
e* a
p
1.5
0 15 30 45 60 75 90 105 120 135 150 165
All .05 ’ -.1 1 -.03 .69 .77 •♦45 .47 .45 .21 .31 *5 .25
AIII *3 .44 ♦9 1.27 1.16 1.17 1.19 1.13 1.09 1.15 .8 ♦41
AVI .18 .39 .71 .56 .47 .31 .77 .74 .99 ♦77 .16 .03
BII -.07 -.03 - .1 .43 .89 .6 .57 .57 ♦25, ♦15 .08 -.03
BIV ♦23 .37 .81 1.38 1.51 1.47 1.46 1.41 1.24 1.16 ♦72 .33
BV .22 .49 .84 .85 .87 1.01 1 .96 1.04 .92 .34 .12
Cl .05 ’ .02 .1 .81 1.13 .66 .63 .67 .25 .39 .4 .16
c m .03 -.03 - .0 1 .46 1 j .31 .32 .31 .15 •51 .34* .17
cv -.04 -*0o -.06 .35 .62 .43 .41 .41 ♦ 19 .12 .06 -.01
DI ♦01 .03 .01 .36 .jj ♦29 .3 .29 .03 ♦ 15 ♦ 17 .07
DIV -.11 -.2 -.23 .25 .5 ♦56 .32 ♦34 .13 -.02 .09 .04
DVI -.16 -.19 -.26 .01 .38 .36 .3 .32 .19 -.12 -.27 -.2
(a)
Table 6» 1 (a) and (b) k values for each (lll}O-10^ slip system
for various ji ) positions near an S—type hole in
orientation E*
ot 
e O
p
2
0 15 30 45 60
All .14 -.03 .13 .52 .66
AIII *55 ♦66 .94 1.11 1.06
AVI ♦37 ♦53 .7 ♦53
BII .09 -♦05 ♦03 .35 *63
BIV ♦jj ♦ £>3 ♦92 1.19 1.28
BV ♦43 ♦65 .81 .79 .75
Cl ♦18 ♦0j .22 .61 .83
cm .09 -♦02 -— .09 ♦35 .43
cv .07 -.03 .04 .25 .45
DI ♦07 0 .07 ♦27 .41
DIV ♦01 -.12 -.1 .15 .36
DVI -.03 -.13 -.14 -.01 .2
oC
e * 2.5
P 0 15 30 45 60
All .2 ♦08 .2 .45 .56
AIII .66 ♦75 .93 1.04 1.02
AVI ♦45 ♦61 .67 ♦53 , ♦46
BII .16 .05 ♦ 11 .31 •51
BIV .71 ♦76 .95 1.12 1<19
BV .54 .69 ♦79 • .77 .73
Cl ♦26 .15 ♦23 ♦54 .73
cm .14 ♦06 .14 .3 ♦37
cv ♦12 ♦04 ♦09 .23 .36
DI .11 ♦04 .1 .23 .33
DIV ♦06 -.04 -.02 ♦13 .23
DVI ♦02 -.06 -.08 0 ♦14
oc
e
P
= 3 
0 15 30 45 60
All ♦24 ♦ 15 .24 .41 .5
AIII .73 ♦8 .93 1 .99
AVI .49 ♦61 .65 .53 .49
BII .2 .11 .16 .3 .44
BIV .8 ♦84 .96 1.09 1.14
BV ♦6 ♦7 .77 .75 .72
Cl .31 '.22 ♦31 .5 .65
CIII .16 .11 .16 .23 .33
Cv .15 ♦09 ♦ 12 .22 .32
DI .13 ♦OS .12 .22 .29
DIV .08 ♦01 .02 .12 .23
DVI •05 -.02 -.04 .02 .11
Table 6.1(b)
75 90 105 120 135 150 165
.49 ♦37 • 26 ♦2 .37 .51 .39
1.01 1 1 1.03 1.05 .88
CM-O
.53 .71 .83 .84 .65 .32 .19
.62 .48 .32 .2 .2 .22 .2
1.29 1.24 1.18 1.13 1.03 .87 .64
.31 .38 .92 .94 .8 ♦5 .35
♦76 .53 ' .35 .23 ♦43 .5 .41
.33 .25 ♦ 19 .15 ♦24 .34 .26
♦44 .34 .24 .15 ♦ 15 .16 .15
.35 ♦23 .14 ♦1 .18 .22 .18
*35 .29 .2 ♦03 .04 .12 ♦13
.31 ♦29 .21 .07 -.07 -.13 -.06
75 90 105 120 135 150 165
♦47 .34 .24 .24 .37 .48 .4
.96 .95 ♦96 1 1 .89 .72
*5 ♦66 .78 .76 .61 .4 .31
♦55 .42 .28 ♦21 .23 ♦27 .27
1.19 1.15 1.1 1.09 1.05 .93 .78
.76 .82 .67- .87 .76 ♦57 .47
.7 .49 .33 .33 .45 .52 .46
.32 ' .24 .17 .17 ♦25 .32 .27
♦39 .3 n ♦ £ ♦ 16 ♦ 17 ♦2 ♦19
.32 .21 .13 .13 .19 ♦23 .21
♦3 .25 .16 ♦08 .07 .13 .14
.24 ♦24 .15 .05 -.04 -.05 0
75 . 90 105 120 135 150 165
♦,44 •43 ♦25 .27 .37 .45 .39
.94 .93 .94 .93 .93 .89 .78
♦51 .63 .73 .71 ♦59 .44 .39
.48 .39 .27 .23 ♦25 .29 .29
1.14 1.11 1.07 1.06 1.04 .95 .86
.74 .79 .83 ♦83 .74 ♦61 .55
•63 .47 ♦35 .36 .45 •51 .47
♦3 ♦23 .18 .13 ♦25 ♦3 ‘ .26
.34 ♦23 ♦<1 ♦ 17 .19 .21 ♦21
♦28 .2 ♦ 14 .14 ♦ 19 n? .21
.26 .14 o- CO .09 .13 ♦ 14
.19 ♦19 .13 .04 -.01 -.02 .02
? 0 15 JV 45 60 75 90 105 120 135 150 165
All -.OS -.23 .11 ♦ 29 .6 1.41 2.43 2.56 .86 ♦34 .01 -.6
AIII 0 -.13 .09 .21 .41 1.37 5.43 1.41 ♦3? .16 .01 -.25
AVI -♦03 —.3b .2 .5 1.01 2.77 3 1.14 .46 ♦ 18 .01 -.35
BII -1.65 -.34 ♦ 15 .4 .35 1.81 2.02 1.01 .24 .11 0 -.12
Big -1.12 - .0 1 .03 .06 .06 ♦69 6.1 1.24 .27 .12 0 -.13
BV -.53 -.33 .18 *45 .92 2.5 4.07 .24 ♦03 ♦02 0 -.01
Cl -1.04 -.37 .17 .45 .95 2.09 3.09 * 2.39 .73 .3 .01 -.43
c m -.1 -.14 .07 .13 .37 .36 1.63 1.63 .56 .22 .01 -.39
cv -1.14 -.23 .1 .27 .58 1.22 1.47 ♦71 ♦ 17 ♦07 0 -.09
III -.53 -.2 .09 .24 .51 1.13 1.36 1.18 ♦36 .15 0 -.24
BIV -1.22 0 .01 *02 .02 .18 ♦96 1.85 .69 ♦27 ♦ 01 -.51
DVI -1.75 -.2 .08 .22 .49 .95 .39 .67 .33 .12 0 -.27
OC, „ _ _
e a 1 ,2 5
? 0 15 30 45 60 75 90 105 120 135 150 165
All ♦03 .19 .03 *04 .05 .81 .71 .66 .83 •5 .18 -.04
AIII .32 .39 .45 ♦65 1.1 1.74 1.66 1.7 1.08 ♦62 .39 .31
AVI .13 .19 ♦31 .7 , 1.14 .96 1.52 1.15 .22 .09 .2 ♦ 13
BII -.46 -.25 0 ♦04 .05 1.03 1.27 ♦85 .66 .3 -.01 -.28
BIV -.04 .17 .42 ♦65 1*15 2.24 2.46 2.12 1.24 ♦67 *33 .09
BV1 *1 .14 ♦37 ' .71 1.14 1.43 1.65 1.46 .62 .31 ♦23 .19
Cl -.16 -.03 .11 •05 .01 _ 1.23 .94 .97 1.05 •55 .13 -.05
c m .01 .12 .05 .02 .03 ♦55 ‘ .51 .45 .53 .33 ♦12 -.03
cv -.31 -.17 .01 .02 .03 .77 ♦9 .61 ♦47 .22 0 -.19
DI -.09 -.03 ♦04 .05 .04 ♦58 .41 .43 ♦49 ♦25 ♦05 -.04
DIV -.43 -.2 -.06 .01 •08 ♦62 1.03 .5 .44 .23 -.04 -.33
DVI -.62 -.39 -.1 ♦01 .08 ♦57 1.23 .48 .03 -.02 -.14 -.42
P 0 15 30 45 60 75 90 105 120 135 150 165
Ail ♦07 •03 ♦03 ♦ 15 .47 1*16 .5 .19 .52 *51 .34 .23
AIII .63 ♦5 ♦06 .89 1*23 1.33 1.21 1.35 1.2 ♦86 .62 .45
AVI .2 .31 ♦43 .69 .76 ♦44 1.13 1.41 ♦67 ♦33 ♦23 ♦21
BII -.16 -.13 -.02 .09 .43 1.21 .83 .22 .43 .27 .06 -.1
BIV .23 .33 .61 .91 1.39 1.81 1.75 1.52 1.33 ♦9 .56 ♦32
BV .24 .39 .56 ♦79 .98 ♦99 1.21 1.37 .9 .52 ♦33 ♦22
Cl ♦02 .06 ♦ 13 .23 .62 1.6 ♦57 .11 .66 .54 .29 .1
c m ♦04 .02 .05 .11 .32 ♦75 *36 .15 .35 ♦34 ♦23 .16
CV -.1 -.03 -.01 .08 .31 .35 .59 .17 .31 .2 .05 —.Oil
DI 0 .01 ♦04 ♦03 .27 .76 .24 ♦02 .29 .24 .12 .03
Dig -.19 -.21 -.12 -.03 .2 .7 .76 .2? .2 .15 •03 -.09
DVI -.29 -.27 -.16 -.06 .12 ♦46 ♦85 .29 ♦07 -.07 -.17 -.26
(a) _
f ..Tahle 6,2 (a) and (h) k values for each fill]^11©^ slip system 
! for various (e** ji) positions near a D—type hole in
orientation E.
o0 = C.
0 15 30 45 60 75 90 105 120 135 150 165
All .16 .03 .1 •33 •64 ♦3? .4 .13 .23 .43 ♦47 .36
AIII .53 .63 .82 1.02 1.15 1.1 1 1.08 1.13 1 .8 .61
AVI .o3 -4? .61 .65 •51 .35 ♦78 1.13 .83 .52 .29 .22
BII .06 — *0ii .01 .19 .52 .91 .65 ♦ 14 .23 .24 .19 ♦ 14
BIV ♦52 .5? .79 1.05 1.31 1.42 1.37 1.2 1.21 1.03 ♦79 .6
BV .4 .57 ♦71 .8 ♦79 on .93 1.1 .96 .68 .45 ♦34
Cl .18 .1 .18 .4 •8 1.22 .59 .06 .39 .51 .46 .35
c m ♦11 .02 .07 .22 .43 .58 .28 .1 .2 .31 .32 .24
cv .05 -.01 ♦02 .15 .38 .64 .46 .11 .18 .13 .14 .11
DI .07 .02 .06 .16 .36 .58 .26 ♦02 ♦ 15 .22 .2 .15
BIV -.02 -.12 -.1 .03 .28 ♦53 .47 .2 .07 .09 .11 .08
DVI -.08 -.14 -.14 -.07 .1 .33 .52 ♦21 .02 -.08 -.12 -.1
a06 - 2.5
P 0 15 30 45 60 75 90 105 120 135 150 165
All .21 ♦09 *16 .38 .6 .68 .37 .18 .26 .43 .48 ♦4
AIII .63 ♦71 .87 1.02 1.07 1.01 .94 ♦99 1.06 1.01 .86 .7
AVI .41 .56 .64 .62 • .48 .39 .67 ♦93 .79 .56 .35. .29
BII ♦ 15 .05 .07 .23 .49 ♦71 .54 .21 .22 .25 ♦26 .24
BIV .67 ♦71 .87 1.07 1.22 1.27 1.23 1.13 1.14 1.05 .89 ♦74
BV •5 ♦&4 .75 ' .78 .74 .73 .84 .96 ' .91 .72 .53 .45
Cl .27 .16 .23 .45 .75 .56 .2 .35 .49 .51 .44
c m .14 .07 .11 .25 .4 .44 .26 ♦13 .18 .29 *32 .27
cv .11 .04 .06 .17 .35 ♦5 .38 .16 ♦ 16 .19 ♦ 19 .17
DI ♦11 .05 ♦03 .19 .34 ♦44 .25 .06 .14 .21 .23 .2
DIV .05 -.04 -.05 .07 .26 ♦41 .35 .16 .06 .09 ♦13 ♦13
DVI -.01 -.07 -.09 -.04 .09 .27 ♦36 .17 .03 -.05 -.07 -.03
/ 0 15 30 45 60 75 90 \
105 120 135 150 165
A ll .25 .15 ♦21 .33 .55 .56 .36 .22 ♦27 .41 .47 ♦4
A III .71 .76 ♦89 1 1.03 .97 .93 .96 1.01 .99 .88 ♦76
AVI .45 .53- ♦64 .6 .48 .43 .62 .81 .74 .57 .4 .35
BII ♦2 .11 .12 ♦26 .45 ♦59 .47 ♦25 ♦23 .26 .28 .28
BIV .77 .79 ♦91 1.06 1.17 1.19 1.16 1.1 1.1 1.05 ♦94 .83
BV .56 .67 ♦7j .76 .72 ♦/ L •B .89 .86 .73 .58 .51
Cl ♦32 .22 .28 .46 .63 .79 ♦53 .29 .36 .48 *52 . .47
c m .17 .11 ♦ 14 .26 .36 .37 .25 .16 .18 .31 * .27
CV .15 .03 .1 .19 ♦32 .42 .34 .19 .17 .19 .21 't1L.
DI .13 .03 .1 .19 .31 ♦36 .23 .11 .14 .2 .23 .21
DIV ♦08 0 -.01 .0? .23 .33 .28 ♦ lu .08 .09 ♦ 14 .14
DVI .02 —»0%i -.05 -.02 .08 .22 ♦27 ♦ 15 .04 -.03 -.03 ♦01
Table 6.2(b)
06
t *3
P
1
0 15 30 45 60 75 90 105 120 135 150 165
All -.15 - .1 2 -.03 1.52 1.25 .59 ♦56 .67 .59 .63 -.23 -.1?
AIII -.35 -.27 -.07 3.13 1.91 .71 .73 .94 .52 1.73 -.52 -.44
AVI - .2 -.15 -.04 1.61 .67 ♦12 .17 .07 1.09 -.3 -.25
BII -.71 -.63 -.35 2.28 .66 ♦25 .25 .32 .22 .19 -.65 -.75
BIV -.29 -.24 -.08 2.66 3.17 1.73 1.6 1.34 2.02 .63 -.4 -.36
BV -1 -.92 -.44 .33 2.51 1.53 1.35 1.52 1.8 .32 -1.05 -1.1
Cl - .1 -.0? -.04 1.05 2.51 1.66 1.43V 1.57 2.09 ♦46 - .1 -.1 1
c m -.26 - .2 2 -.09 .97 .72 .27 .28 .36 .2 .75 -.32 -.3
cv -.16 -.13 -.05 .03 1.78 1.39 1.15 1.21 1.39 1.21 - .2 2 -.19
DI -.65 -.65 -.36 2.74 .59 .32 ,62 .53 1.29 .91 -.52 - .6 6
DIV -.31 -.25 -.03 1.44 .53 .3 .59 .54 1.3 1.85 -.45 -.39
DVI -.96 -.9 -.44 1.3 ,06 .02 .03 .04 .02 .94 -♦97 -1.05
oCi S3 
?
1.25
0 15 30 45 60 75 90 105 120 135 150 165
All -.04 .02 .37 .42 .78 ♦79 .6 .49 .69 ♦53 .1 .02
AIII -.15 -.06 .57 .43 1.3 1.29 •88 .64 1.17 .39 0 -.03
AVI - .1 1 -.03 .2 .01, .52 .51 ♦27 .15 ♦47 ♦31 .1 - .0 2
BII -.3 - .1 .16 .22 .3 .59 .4 .4 .64 .22 -.45 -.4
BIV - .0 1 .15 ♦92 1.38 1.63 1.89 1.61 1.43 1.66 1.46 .43 .1
BV -.33 -.2 1 .3 • 1.28 2.03 1.7 1.46 1.44 1.67 .93 -.03 -.33
Cl *1 .24 .73 1.37 1.36 1.39 1.33 1.28 1.18 1.15 .52 .15
c m - .1 2 -.03 .15 .18 .58 ♦53 ' •36 *23 .5 .3 -.07 -.03
cv 0 -.04 .22 1.22 1.09 1.01 1.04 1.03 .91 .72 ♦53 .13
DI -.23 -.03 .03 .85 ..74 .41 .58 .8 .5 .03 -.09 -.3
DIV -.19 -.29 - .2 .81 .62 .38 .51 .66 .46 - .0 1 .05
DVI -.49 -.42 -.4 .07 ♦73 .33 .21 .29 .52 -.23 - .5 3 -.5
it 1 . 5
0 15 30 ♦5 60 7j 90 105 120 135 150 165
All ♦1 .23' .45 .4 .36 „ .65 .61 .59 .71 .43 .15 ♦07
AIII .1 .69 .44 .38 1.07 .96 ♦94 1.25 .7 ,0& .01
AVI .01 .11 ♦24 ♦04 ♦07 .42 .35 , dj ,54 ,21 .06 .05
BII -.07 .11 .14 ♦ 11 ♦47 ,57 .48 .49 .53 .11 -.31 -.23
BIV ♦28 .57 1.12 1.25 1.16 1.59 1.52 1.47 1.6 1.28 .6 .29
BV .03 .13 .51 1.01 1.39 1.57 1.45 1.42 1.31 .79 .18 .01
Cl .27 ' .+6 .83 1.2 1.13 1.17 1.17 1.11 1.06 1,06 .7 , OJ
c m .01 .08 n♦ 41 .16 ,21 ♦46 ♦4 .4 .49 .23 -.04’ -.04
cv .13 .09 .41 1.02 1.02 .? .9 .86 .7 .7 •66 ♦34
DI -.03 .11 -.09 .57 1.01 .49 .49 .43 .09 . .0? .12 0
DIV -.1 -.15 -.23 .6 .74 ♦43 ♦42 .41 .14 .03 ♦47 .26
DVI •VC -.23 -.39 -.07 .45 .44 ♦33 . j6 ♦21 -.26 -.41 -.29
Table 6.3(a) 1c values for each {ill} (llO^ slip system for various 
(e0^  f B ) positions near an S-type indentation in 
orientation F*
0C
e s* 2
p 0 15 50 45 60 75 90 105 120 135 150 165
Ail ♦26 *53 .46 ♦4 .32 .45 ♦57 .62 ♦59 .42 .22 ♦ 15
AIII ♦4 ♦63 .7 .51 .35 .66 .95 1.07 .93 .53 .19 .12
AVI .14 ♦25 ♦ 24 .11 .02 .21 .38 .45 .39 .16 -.03 .01
BII .11 n ♦ 15 .11 .27 .43 .48 .47 .36 .09 -.11 -.05
BIV .65 ♦9 1.15 1.16 1.04 1.21 1.37 1.43 1.39 1.14 ♦75 *53
BV ♦4,i .43 .67 .89 1.07 1.27 1.31 1.23 1.05 .76 .45 .36
Cl ♦5 ♦o5 .91 1.05 1.02 1 1 ' .99 1 .98 ♦79 .56
Cl II .14 .21 ♦23 ♦ 18 .16 ♦3 .4 .43 ♦37 .19 .04 ♦03
CV ♦32 .3 .53 .84 .9 .32 ♦75 .68 .64 .69 .68 .5
DI ♦03 .04 -.03 ♦33 .72 .61 .^ 6 .17 .07 .17 .26 .24
DIV ♦02 —♦ 0o -.08 .4 .61 .48 .33 .19 .06 .18 ♦41 .33
DVI -.07 -.17 -.25 -.09 .19 .36 .33 .23 .03 -.19 -.26 -.13
f 0 15 30 45 60 75 90 105 120 135 150 165
All .32 ♦42 .45 ♦41 .35 .41 .53 ♦57 .53 .4 .27 ♦23
AIII ♦5 .69 ♦69 .55 .43 .58 .86 .97 ♦85 .56 .29 .26
AVI .18 ♦27 .24 .14 • .08 .17 ♦34 .4 .32 .16 .02 .03
BII .16 ♦22 .17 ♦ 14 .22 ♦34 .42 .41 .3 .11 0 ♦04
BIV .81 1 1.14 1.13 1.05 1.12 1.27 1.34 1.29 1.1 .84 .7
BV .6 .64 .74 '♦87 .•93 1.12 1.13 141' .97 .77 ♦59 .55
Cl .£>3 .73 .9 .99 .97 ..94 .93 .94 ♦97 ♦94 .81 ♦67
cm .19 .24 .24 ♦2 .18 ♦25 .36 .38 ♦32 .19 .09 ♦09
CV .43 .42 .57 .76 .32 .77 ♦7 .64 .64 ♦63 .68 •56
DI ♦ 1 . -.04 «0j .32 .56 ' .54 .32 .14 .12 .21 .3 ♦29
DIV .09 -.07 .02 .32 .5 .44 .29 .15 .1 .21 .36 .31
DVI -.02 -.12 -.16 -.07 .11 .26 .27 .16 0 -.13 -.15 -.06
P 0 15 30 45 60 75 90 105 120 135 150 165
All ♦35 .43 .45 .41 .37 .4 .49 .53 .5 .4 .3 .28
AIII .55 .69 ♦63 .57 ♦43 ♦58 .8 ,83 .73 .56 .37 .35
AVI ♦ 19 ♦26 .24 .16 .11 .17 .3 ,j5 .29 .16 .07 ♦08
BII .18 ♦22 .18 .15 .21 ♦3 .37 .36 .27 .13 .06 *1
BIV ♦89 1.04 1.12 l.U 1.05 1.09 1,21 1.27 1.23 1.08 .9 .81
BV ♦69 .♦72 .73 .86 .94 1,05 1.1 1.04 .93 .79 .67 .65
Cl ♦7 .77 .89 .95 .94 .92 .91 .92 .94 .92 .83 .73
cm .2 .24 .21 .19 .24 .32 .34 .29 .2 .13 .13
cv .49 .43 .57 .72 .77 .74 ♦67 .63 .64 .67 .67 .58
DI .14 .03 ♦ 1 .29 .47 ♦47 .3 .16 .15 .23 .3 .29i—io .13 .01 .03 ♦2? ,43 ♦39 .27 .15 .13 .23 .33 ♦29
DVI 0 -.07 -.11 -.05 ,08 ,2 ♦21 .12 -.01 -.09 -.1 -.03
Tafcle 6.3(*b)
? 0 15 30 45 60 75 90 105 120 135 150 li>5
All -.42 -.14 .13 .35 .65 1.73 2.13 ♦89 .11 -.03 -.35
AIII -.96 -.29 .37 .73 1.35 3.62 2.89 2.59 .94 .3 -.09 -.92
AVI -.54 -.15 .19 .33 .7 1.84 .76 1.69 .5? .19 -.06 -.57
BII -1*74 -.25 .26 ♦54 1.06 2.36 .99 .15 .11 .03 -.01 -.14
BIV -.79 -.23 .32 .61 1.12 3.21 5.92 .67 ♦35 .11 -.03 -.39
BV -2.53 -.02 .05 .07 .06 .35 4.93 .82 .46 .14 -.04 -.53
Cl -.25 -.08 .13 .24 .42 1.37 5.16 • 1.02 .24 .09 -.03 -.18
c m -.63 -.08 ♦ 12 .22 .41 1.17 1.11 1.1 .41 ♦ 13 -.04 -.41
cv -.43 0 ♦01 .01 .01 ♦21 4.05 2.13 .65 ♦22 -.07 -.5?
DI -1.57 -.31 .32 .66 1.29 2.77 2.04 1.77 ♦43 ♦ 17 -.06 -.39
DIV -.84 -.14 .17 .34 .64 1.57 1.93 3.02 1 .33 -.1 -.94
DVI -2.42 -.17 ♦15 .32 .65 1.2 •12 1.25 .52 .16 -.05 -.54
0c 
e
f
= 1.25 
0 15 30 45 60 75 90 105 120 135 150 165
All —.06 .07 .24 .52 .34 .85 1.57 .92 .18 .1 ♦1 -.02
AIII -.26 *01 .37 ♦96 1.54 1.32 3.09 1.5 .02 .01 .1 -.17
AVI -.2 -.06 .13 .43 , .7 .46 1.52 .53 .16 .09 0 -.15
BII -.4? -.32 .0? .41 .65 ♦82 1.53 .75 .07 -.05 -.1*1 -.3
BIV .03 .23 .59 1.1 l.S 2.2 3.16 2.24 .81 ♦45 ♦31 ♦08
BV -.65 -.19 .33 -.63 1.27 2.32 3.35 2.13 .77 .34 .05 -.42
Cl .23 .34 .46 .67 1*1 1.74 1.64 1.66 .97 .53 .31 .23
c m -.21 -.07 .12 .34 .53 '.59 1.34 ♦63 .01 -.01 0 -.15
cv 0 .21 ♦25 .31 .61 1.4 1.44 1.26 .96 ♦53 .2 -.01
DI -.3? -.2 -.04 .27 .32 1 .64 .63 .75 .32 -.05 -.25
DIV -.3? -.05 -.08 .2 .32 .8 1.27 .56 .73 .43 -.01 -.37
DVI -.8? -.54 -.14 ♦05 .17 .71 1.61 .52 • .07 -.06 -.26 -.65
06
e
P
= 1.5
0 15 30 45 60 75 90 105 120 135 150 165
All .0? .18 .33 .5 .59 ♦J5 1.19 1.04 .49 ♦24 .16 ♦ 1
AIII .05 .22 .5 .81 .91 .18 2.37 1.94 .69 .24 .14 ♦07
AVI -.03 .04 .17 ♦31 .32 .17 1.13 ♦9 .2 0 -.02 -.03
BII -.16 -.06 ♦09 .26 .36 ♦57 1.15 .85 .21 -.05 -.15 -.21
BIV .3 .52 .82 1.19 1.51 1.2 2.35 2.2 1.32 ♦77 .51 .34
BV -.1 .03 .41 ♦79 1.27 1.53 2.37 1.76 1.04 .51 .19 -.04
Cl ♦33 *.48 ♦65 .88 1.2 1.32 1.17 1.31 1.12 ♦77 .53 ♦37
c m -.04 .03 .15 .29 »<s6 .15 1.01 ♦76 .26 ♦07 .01* -.03
cv .12 ♦2 .34 .52 .88 1.27 1.02 .64 .84 .65 ♦43 ♦ 25
DI -.16 -.15 -.'Do -.02 .36 1.4 .49 .36 .35 .27 .06 -.1
DIV -.21 -.23 -.14 -.05 .32 1 1.04 .5 *34 .37 .19 .01
DVI -.44 -.41 -.25 -.11 .11 .61 1.14 .42 -.03 -.2 -.3 -.4
Table 6.4(a) Table 6.4(a) and (b) k values for each {ill} ^ 110^ 
slip system for various (e^, JJ ) positions near 
a D-type orientation F.
06
e
?
= 2
0 15 30 45 60
All ♦24 ♦34 ♦ 42 ♦ 46 ♦4
AIII .06 ♦53 ♦65 ♦ 63 ♦5
AVI .12 .2 ♦23 ♦ 22 ♦0?
BII .07 ♦ 14 ♦ 15 .16 .21
BIV .62 .81 1.03 1.2 1.19
BV .35 ♦4 ♦57 ♦82 1.06
Cl .5 ♦62 .8 .98 1.1
c m
CM*-4 ♦17 *21 ♦24 .2
cv ♦29 ♦29 ♦43 ♦66 .91
DI 1 0 - .0 2 -.08 .14 .56
DIV >♦04 - .1 1 -.14 .13 » j2
DVI -.15 - .2 2 -.25 -.14 ♦06
» 2.5
P  ° 15 30 45 60
All .31 .4 ♦45 ♦44 ♦38
AIII .49 ♦65 .7 ♦64 ♦47
AVI ♦17 .25 ♦25 .2 ... .09
BII ♦14 ♦2 ♦ 18 .15 .1?
BIV .78 .94 1.1 1*17 1.11
BV .54 ♦57 ♦67 '♦33 ♦98
Cl .6 ♦69 .84 .97 1.02
c m .17 .22 ♦24 .23 ♦ 1?
cv .39 ♦33 ♦ 49 ♦63 ♦34
DI .06 -.03 -.03 ♦ 18 .51
DIV ♦04 -.07 -.07 ♦ 13 ♦48
DVI -.06 -.14 -.19 - .1 2 .05
06 
8 «*
f
3
0 15 30 45 60
All .35 ♦42 ♦45 ♦44 .38
AIII .54 ♦6? .71 .63 .5
AVI .19 .26 ♦26 *2 .12
BII ♦ 17 ♦22 ♦2 ♦ 16 .19
BIV ♦87 1 1.12 1.15 1.09
BV ♦65 ♦67 .73 .34 .95
Cl .67 '.74 ♦86 .95 ♦98
c m .2 .24 ♦25 .23 .2
cv .46 ♦44 ♦ 53 .63 .79
DI ♦ 1 -.0 2 .02 ♦ 2 .45
DIV ♦0? -.04 ~ #Oi ♦ 19 ♦42
DVI - .0 2 -.0? -.13 -.09 ♦05
75 90 105 120 135 150 165
.27 .76 .84 ♦53 .35 .21 .17
.21 1.4 1.56 .93 .44 ♦2 .18
.11 ♦64 ♦72 .35 .09 -.0 1 .01
♦43 .74 .67 .3 .02 -.09 -.05
.99 1.64 1.77 1.42 1.01 ♦7 .55
1.24 1.63 1.36 1.02 ♦60 .41 ♦33
1.05 1 • 1.05 1.07 .92 ♦71 .54
♦ 14 .0 *6 ♦34 ♦ 14 .05 .05
.99 ♦79 .65 .69 ♦69 .6 .44
1.03 ♦28 ♦31 ♦09 ♦22 • .21 .15
.76 .41 .4 ♦07 .27 .33 .22
♦43 .64 .3 -.06 - .2 1 -.24 -.17
75 90 105 120 135 150 165
.34 .61: ♦7 ♦56 .39 ♦26 .23
1.07 1.26 .91 ♦52 .29 .28
.07 .46 ♦56 .35 ♦ 13 ♦03 ♦05
♦36 .55 ♦53 ♦3 ♦03 - .0 1 .04
1.05 1.4 1.53 1.36 1.07 .81 ♦69
1.15 1.33 1.21 ♦93 .73 ♦55 ♦51
♦97 .94 .97 1.01 .93 .78 ♦64
♦2 .46 .49 ♦33 ♦18 .09 .09
.85 ♦71 ♦62 .65 ♦63 ♦64 *52
.74 ♦3 .16 .07 .21 ♦27 .23
.58 .33 ♦22 ♦05 ♦23 .33 ♦26
.31 .43 .21 -.05 -.16 -.16 -♦09
75 90 105 120 l£> 150 165
♦.38 ♦55 .62 .53 ♦4 .3 .28
♦52 .92 1.03 ♦80 .56 ♦36 .36
.14 .38 ♦46 .33 ♦ 16 .07 ♦08
.32 .45 .45 .29 .12 .05 ♦09
1.07 1.29 1.4 1.3 1.09 ♦88 ♦79
1.08 1.22 1.12 .95 .77 • #64 .61
.94 .91 ♦ 94 ♦ 97 .92 . .81 .71
.23 .39 .42 .32 ♦2 ♦11* ♦ 13
.78 .68 .61 .63 ♦67 .65 .55
.57 ♦29 *06 ♦09 .21 .28 .25
.47 .28 .1 .07 .21 ♦31 .26
.24 ♦31 .14 -.03 - .1 2 -.1 1 -.04
Table 6 ♦ 4(b)
(r a a
0 0 15 30 45 60 75 90 105 120 135 150 165
All -.18 -.17 0 .03 .35 1.02 1.55 1.54 1.01 .36 0 -.03
AIII -.64 -.71 0 .81 .72 »Du 2.12 2.83 2,2 .87 0 -.09
AVI -.46 -.54 0 .73 1.07 ♦4? .57 1.29 1,19 .52 0 -.06
BII -.43 -.18 0 0 .03 .34 .9 1.35 1.32 .74 0 -.46
BIV -.65 -.56 0 .23 .33 1.79 2.93 3,03 1.95 .62 0 -.23
BV -1.0? -.74 0 .28 ,35 1.45 2.07 1.67 .63 .12 0 -.68
Cl -.1? -.02 0 .51 1.45 2.28 2.41 ‘ 1.74 .76 .11 0 -.16
chi -.65 -.53 0 .46 .37 .25 .9 1.04 .62 .11 0 -.32
cv -.46 -.52 0 .97 1.83 2,03 1,5a ♦7 .14 .01 0 -.16
DI -.45 -.03 0 .53 1.07 .92 ,05 1.16 1.57 .99 0 -.59
M ■c; -.64 -.6? 0 .99 1.48 1.01 .04 ♦84 .87 .36 0 -.19
DVI -1.1 -.72 0 .47 ,41 ♦09 0 .32 .69 .63 C -.73
r = 1.25a
0 0 15 30 45 60 75 90 105 120 135 150 165
All ,03 *11 .29 .5 .71 ,33 ♦85 .82 .76 .62 .41 ♦2
AIII .03 .01 .03 .41 .9 1.27 1.31 1.19 1.13 .95 .61 ♦27
AVI 0 .14 .1? 0 . .1? .44 .46 .38 .37 .33 ♦2 ♦07
BII ,02 -.12 -.1 .12 .3? ♦58 .62 ,56 .49 .44 .38 .23
BIV .14 .17 .43 .86 1.36 1.69 1.75 1.64 1.48 1.16 .71 ♦32
BV ♦05 0 .15 ' .54 .99 1.33 1,45 1.33 1.02 .5? ♦21 ♦02
Cl ,13 .32 ,60 ♦95 1.16 1.25 1.29 1.27 1.11 .82 ♦5 ♦21
cm .01 -.04 -.07 .12 .4 '♦64 .7 .61 .43 ,3 ♦11 ♦01
cv .06 * j5 .6 .73 .79 .36 .93 ♦8? .66 .29 -.03 -.11
DI -.03 0 .03 .13 .09’ .17 .19 ♦ 13 .14 .29 ♦4 ♦25
DIV -.05 .24 .31 ♦ 19 .09 .23 .26 ♦ 17 ,13 .1 .01 -.05
DVI -.03 -.17 H .J -.2 .04 .3 .41 .29 .05 -.12 -.15 -.0?
r- « 1.5a
0 0 15 o0 45 60 75 105 120 135 150 165
All ,25 ' *23 ♦ 37 ,53 .60 •71 ,63 .64 .64 .6 .49 ♦35
AIII ,35 .09 .22 .55 .93 1.16 1.04 .83 .84 ,36 ♦76 .6
AVI .1 .13 .03 .02 .27 ♦44 ,36 ♦ 1? ♦2 .26 .28 .25
BII ♦ 16 .02 .03 ♦ 19 ,39 ♦51 ,49 .4 ,35 .37 .39 ♦31
BIV .49. .38 .61 .95 1.27 1.44 1.3? 1,26 1.22 1.12 ♦9 ♦ 66
BV ♦ j)6 ,25 ,35 .59 .36 1.07 1,15 1,04 .85 .62 .4 . ♦3
Cl ♦63 ‘.53 ♦75 .93 1 .99 1.03 1.07 1,02 ,86 .62 ♦4
cm .16 .01 .03 .13 .35 ♦04 ,wt5 .43 .35 .29 .21 .18
cv ,z5 .43 .62 .63 .6 .64 .74 .73 .65 ,39 ,15 ♦09
DI .02 ♦ 16 , .13 .04 «0j .21 ♦ 15 .21 .01 .14 .32 ,3
DIV *03 .24 .23 .05 .04 ♦26 n .01 .03 .08 ,13
jVI .03 -.06 -.1? -.18 -.01 .31 ,21 -.02 -.15 -.11 0
Table 6 .5 k values for each {ill} (llO^ slip system for various
(r,0) positions near a circular hole in orientation G.
t  ts a
0 0 15 30 ♦5 60 75 90 ICj 120 135 150 165
All ♦ j7 .23 .3 .62 .52 .13 -.04 -.22 -.17 .13 ♦72 1.02
AIII 1.33 1.3+ 1.37 1.21 .76 .22 -.07 .1 .63 1.16 1.41 1.4
AVI ♦94 1.4* 1.11 .57 -.09 -.22 -.06 .14 .6 .So .7 .55
BII *98 .29 .29 .23 -.04 -.24 -.13 .13 -.01 0 .64 1.2
BIV 1.88 1*57 1.51 '1.18 .62 .15 -.16 .16 .53 1.1 1.63 1.83
BV 1.23 1.37 1.24 ♦76 .15 -.2 -.09 .35 .79 1.01 1.03 1.07
Cl .93 .11 .41 .59 .34 -.06 -.1 ' -.04 .07 .24 .93 1.51
c m .4 ♦19 .21 .42 ♦36 .1 -.03 -.16 -.13 .09 .48 .66
CV ♦69 .22 .22 .18 -.01 -.16 -.09 .12 -.02 .02 .46 ♦84
I'l .42 ♦03 .15 .26 ♦14 -.05 -.05 -.01 .07 .07 .42 .72
DIV *66 ♦4 .13 .03 .16 .13 -.11 -.34 -.36 -.16 .33 ♦68
DVI *74- .41 .11 -.19 -.39 -.23 -.13 -.16 -.3 -.22 .16 ♦53
r * 1.25a
0 0 15 30 45 60 75 90 105 120 135 150 165
All .52 .6 .5? .43 .34 .21 .13 ♦1 .1 .16 .26 ♦39
AIII 1.37 1.31 1.14 .91 .6? ♦47 .52 .66 .37 l.U 1.29
AVI ♦91 .73 .56 .43, .34 .29 .27 ♦33 .49 .72 .92 .99
BII .63 ♦0? .6 .3? .16 -.02 -.09 -*0j .04 .15 .29 .47
BIV 1.66 1.6 1.37 1.03 ♦69 ♦45 .36 .44 .65 .94 1.26 1.53
BV 1.16 1.05 .85 ' ♦64 »4j .34 .31 .39 .57 .3 1.01 1.15
Cl .75 .87 .31 .6 .35 ♦ 16 .09 .11 .16 .22 .34 ♦54
CHI ♦36 ♦4 .39 .32 ♦22 ♦ 14 .08 .06 .07 ♦ 11 .18 .27.
CV ♦ 45 .49 .43 .23 .12 -.01 -.05 -.03 .03 .11 .21 ♦34
DI .33 .39 .37 .27 *15 *06 .03 .03 «0d .08 ♦13 .22
DIV .36 .33 .32 .21 .06 -.07 -.14 -.13 -.06 .05 .17 .28
DVI ♦33 .3 .21 .07 -.07 -.19 -.23 -.19 -.09 .04 .16 ♦27
r » l*5a
9 0 30 45 60 75 90 105 120 135 150 165
All .48 ' .64 .63 .42 .22 „.14 .2 .28 .23 .19 .16 .27
AIII 1.3 1.23 1.04 .83 .71 .67 .67 .68 .71 .81 1 1.2
AVI ♦85 .6 .44 ♦42 .47 .44 .4 • ^3 .43 .66 .92 ♦99
BII .48 ♦£)2 .6 .41 .16 .01 -.01 .07 .19 .21 .18 .29
BIV 1.5 1*46 1.25 .99 .75 .62 ' .59 .64 ♦76 .92 l.U 1.35
BV 1.07 ♦91 ♦74 .62 ♦57 *53 ♦48 .46 .54 .74 ♦96. 1.09
Cl ♦65 * .66 .84 .57 .23 .18 .19 ♦27 .34 .26 .19 ♦36
c m .32 .42 .41 .23 .15 .1 .13 ♦ 19 .13 ♦ 14 ♦ 12 ‘ .19
cv »o5 .44 .43 .3 .12 ♦02 0 .06 .14 .15 ♦ 14 .21
DI .28 .3? .39 .26 .11 ♦06 .07 .11 .14 .1 ♦05 .13
DIV ♦24 .33 .22 .04 -.09 -.1 -.02 .07 .11 .12 .15
DVI .18 .2 .1? .14 0 -.15 -.21 -.14 0 .11 ♦12 ♦ 15
(a)
Tahle 6.6(a) and (h) k values for each {111^110^ slip system near
a hard circular inclusion of radius a in a
crystal of orientation E, for various (r, 0)
positions.
r *» 2a
e 0 15 30 45 60 75 90 105 120 135 150 165
All .42 .57 .55 .37 .2 • 16 .26 .37 •35 .24 ♦ 16 .23
4?TTHilx 1.17 1.12 .97 .83 ♦77 ♦79 .32 .81 .73 .81 .93 1.03
AVI .75 *55 .43 .47 .57 *56 .5 .43 .43 .61 .32 .87
BII ♦j7 ♦49 ♦51 .33 .17 .07 .09 .13 .23 .26 .18 .23
BIV 1.3 1.23 1.15 .93 .83 .79 .79 .82 .87 .94 1.03 1.19
BV .94 .81 .6? .65 .66 .66 .61 .56 .53 .71 .38 .98
Cl .55 .73 .73 .51 .27 .22 .29 • .39 .44 .33 .21 .32
cm .28 .38 ♦36 .25 .13 .11 .18 .24 .24 .17 .12 .16
cv .27 .36 .37 .27 .13 .*36 .08 .14 ♦21 ♦19 .13 ♦17
BI .23 .33 .33 .23 .1 ♦08 .12 .17 ♦2 .13 ♦07 .12
DIV .16 .26 .23 n*C .06 -.04 -.03 .06 .13 .14 .1 .1
DVI .09 .12 .15 .14 .03 -.09 -.13 -.07 .05 ♦ 12 .1 .08
r = 2#5a
& 0 15 30 45 60 75 90 105 120 135 150 165
All .39 .5 .43 .35 .22 .2 .29 .37 •o6 .27 .2 .25
AIII 1.03 1.05 .94 .34 .3: .33 .86 .55 .82 .83 .91 1.02
AVI ♦7 .  j5 .46 .5 , ♦59 .59 .54 .47 .46 .59 ♦75 .76
BII .33 .43 ♦45 •35 .2 ♦ 13 • 15 .23 ♦3 .23 ♦21' ♦23
BIV 1.2 1.19 i.i .98 .39 .36 .88 .9 ♦92 .96 1.02 1.12
BV .87 .78 .69 '.67 ♦69 ♦7 •66 .61' ♦62 .71 .80 .9
Cl ♦5 *64 .64 .43 .3 .27 ♦34 .43 .46 ♦37 .27 »ii4
CIII .26 ♦j3 • 32 .24 .15 '.14 ♦19 .25 .24 .13 .14 .17
CV .24 .31 .32 .25 .15 .1 *12 .17 ♦22 .2 .16 .17
DI .21 .28 .29 .21 .12 ' .1 .14 .18 .2 .15 .1 .13
DIV .14 ♦21 ♦ 24 .13 .07 .01 .02 .09 .14 .14 .1 ♦09
i.ly‘1 ♦07 .1 .13 .12 .04 -.04 -.07 -.03 .06 .11 .09 .07
r a 3a
0 0 15 30 45 60 75 90 105 120 135 150 lo5
All .37 ♦45 .44 .34 .24 ♦.23 .3 .36 ♦35 .28 ♦23 ♦26
AIII 1.03 1.01 .93 ♦86 .83 .36 .88 ♦87 .85 .35 .91 .99
AVI •66 .56 .49 .53 .59 •0 •55 .5 ♦49 . .53 .7 .73
BII •31 .33 .4 .33 .22 .17 .19 .25 .3 .23 .23 .24
BIV 1.14 1.14 1.07 .99 .92 .9 .92 .93 .95 .97 1.01 1.09
BV .83 ♦76 ♦7 ♦63 .7 .71 »o8 .65 ♦65 .71 .8 . .35
Cl ♦48 ♦ j8 .5d ♦ 46 .33 .31 .36 ♦ 44 ♦ 46 .33 ♦31 ♦36
CIII .25 ♦3 .29 .23 .17 .16 .2 .24 ♦24 .19 ♦ lo* ♦ 18
CV ♦23 .28 .29 .24 • lo .13 ♦ 14 ♦ 18 .22 .2 .17 ♦18
DI .2 ♦26 *^6 .2 .13 .12 ♦ 15 .19 ♦2 .16 .12 .14
DIV ♦ 13 ♦ 19 .21 .16 .09 .04 ♦y 5 .1 .14 .13 ♦ 1 .1
DVI .06 .08 .11 .11 ♦05 -.01 -♦03 0 .06 .1 .09 ♦06
Table 6.6(b)
r =* a
0 0 15 30 45 60 75 90 105 120 135 150 lo5
All ♦73 1.04 .74 .32 -.03 -.03 -.0i> .02 .31 .52 .45 .28
aii: 1.18 1.92 1.13 .3 .09 -.05 -.12 -.03 .44 .75 .51 .12
AVI ♦45 .88 .45 -.03 .18 .03 -«0o -.1 .13 .24 .06 .19
BII .92 .9 .43 -.15 -.52 -.45 -.14 .11 .14 .1 .24 .59
BIV 1.32 2.23 1.3 1.07 •jd n -.14 .13 .81 1.34 1.4 1.18
BV 2.21 2.03 1.44 .63 -.03 -.1? -.26 -.22 .1 .74 1.23 1.5?
Cl 1.37 1.35 1.35 1.1 .68 .18 -.09 *.19 .63 1.1 1.34 1.34
CIII ♦57 .79 .46 .07 .06 *05 -.07 -.09 .03 .23 .21 .13
CV 1.15 ♦97 .93 .94 .77 .33 -.09 -.23 .03 .67 1.16 1.3
DI 1.03 .23 .26 .33 •06 *!j -.14 ♦ ID .2 -.01 .77 1.47
DIV .77 .43 .24 .53 .7 .25 -.0? -.35 -.29 -.06 .72 1.04
DVI .95 .62 .1 -.38 -.45 -.27 -.18 -.32 -.5 -.37 .09 .64
r
0
- 1 .2 5 a 
0 15 30 45 60 75 90 105 120 135 150 165
All .£>3 .5 .37 .27 .2 .15 .13 .17 .3 .47 »6d .69
AIII .95 .67 .42 ♦23 .2 .14 .12 .21 .44 .76 1.03 1.1
AVI ♦31 .17 »Qj ♦01 . 0 -.01 -.01 .03 .14 .29 .41 .42
BII ♦51 .42 .27 .11' -.04 -.15 -.17 -.09 .03 .23 .44 .52
BIV 1.66 1.+4 1.14 »oo •63* ♦47 .41 •5 .77 1.15 1.5 1.6?
BV 1-62 1*46 1.14 '.76 .41 •15 .05 .16 ' .47 .33 1.29 1.56
Cl 1.35 1.23 1.09 •3j .63 ♦47 .42 .47 .63 •36 1.09 1.28
CIII ♦4 *3 .19 .11 •06 .'01 6 .04 .14 .29 .41 .45
cv 1*07 1.07 .95 .75 .53 .36 .28 .3 .4 .57 .77 .96
DI • .68 .79 ♦71 .4? .21 • .01 -.07 -.04 .03 .12 .25 .46
DIV .56 .65 .62 .43 .29 .12 .01 -.02 .01 .1 .24 .41
DVI . ♦37 .31 .13 .01 -.17 -.31 -.36 -.3 -.16 .02 ♦19 .32
r
0
=  1 «
0
•5a
15 50 45 60 75 90 105 120 135 150 165
All .57 .39 .27 .23 .3 ♦26 .22 .21 .27 .45 .62 .67
AIII .82 .44 .23 .32 .43 ♦ 34 .24 .22 .35 .73 1.07 1.09
AVI .25 .05 .06 ♦0d .13 .08 .03 .02 .03 .28 .45 ♦ 43
BII »j6 .26 .22 .19 .11 -.02 -.11 -.09 .03 .3 .44 .45
BIV 1.52 1.23 .95 .34 .3 .71 .64 .64 .76 1.08 1.44 1.61
BV 1.35 1.19 .97 . .32 .6 .36 .26 .33 .53 .91 1.18 1.35
Cl 1.26 icia .99 .8 .67 .62 .61 .62 .67 .3 .99 1.18
CIII «o3 .19 .11 .14 • 15 .09 .05 •0d .12 ♦29 »4i * .43
cv ♦98 1.02 .91 .69 .49 .41 .43 .49 .53 .57 .66 .83
DI .53 .74 .74 .49 .17 .02 .01 .11 .23 .19 .11 .25
DIV .47 .66 .65 .44 .17 .03 •03 .2 .24 .17 .13 .23
DVI ♦ 17 ♦15 .16 .11 ” .0j -.25 -.34 -.26 -.05 .12 .16 .17
Table 6.7(a) k values for each {ill} <110> slip system near a hard 
circular inclusion of radius a in a crystal of 
orientation Ff for various (r, 0) positions.
r ss 2a
e 0 15 30 +5 60 75
All .*9 *o5 *27 *31 .37 ♦34
AIII ♦7 .4 *26 ♦41 .56 •5
AVI ♦2 .04 *03 .1 .19 .15
611 *25 *18 *13 .21 .19 .09
BIV 1*33 1.1 ♦91 .9 .94 ♦9
BV 1*11 1 .89 ♦83 .73 ♦57
Cl 1*12 1.06 .92 .8 .74 ♦75
CIII .27 .16 .12 .17 .21 ♦16
CV .86 . *91 ♦S3 *66 .53 .5
DI .41 *0 ♦63 .44 .17 ♦08
DIV *33 .57 ♦57 .33 .15 .07
DVI .05 .06 .11 .13 0 -.16
r « 2.5a
e 0 15 30 45 60 75
All ♦4D *j5 *3 .34 ♦33 .37
AIII .64 .42 *34 .46 .56 ♦54
AVI ♦ 18 ♦07 ♦04 ♦ 12 ■ .2 .17
BII .22 .17 .18 .21 .2 ♦13
BIV 1*23 1.07 .93 .94 .98 .97
BV 1*01 ♦94 *88 ♦86 .78 .67
Cl 1*04 «X ♦9 .31 ,78 .3
CIII .24 ♦17 .14 ♦ 19 .22 '♦19
cv .8 ♦84 .73 *66 .56 ,55
DI .37 ♦51 .54 •4 .2 .13
DIV .4? ♦4? .35 .16 .13
DVI .02 .04 .08 ,11 .02 -♦11
r = 3a
e 0 15 30 45 60 75
All .43 >06 *32 ♦35 .39 . j8
AIII ,6 ♦ 45 *39 ♦48 .58 •55
AVI ♦17 .09 .07 ♦ 13 .19 .17
BII .2 ■ .17 *18 ♦21 .2 .15
BIV 1.17 1.05 ♦96 .96 1 1
BV ♦96 .91 .87 .35 .3 .73
Cl .99 : u ♦89 .83 .31 .82
CIII ♦23 ♦ 17 ♦ 16 .19 ,22 .2
cv ♦76 ♦79 .75 .66 ,5y .59
DI •35 .♦6 ♦ 43 .37 .23 .18
DIV •33 ♦44 .44 .33 ♦21 ♦17
DVI .02 *03 .07 .0? .02 -.07
90 105 120 135 150 lo5
.29 .25 ♦27 .41 ♦55 .58
.37 .23 ♦33 ♦64 ♦ 93 .93
.08 ♦03 .06 .23 ,33 ♦35
-♦01 -.0 2 .11 .28 ,38 •o5
.84 ♦78 ♦8 1.03 1,3 1.41
♦49 .♦52 .67 .91 1*06 1.13
♦76 * .75 .74 .8 .92 l.Oo
.11 *09 .13 .26 .36 ♦36
.55 *61 .61 .59 •62 .73
.12 .24 .34 .26 .13 .2
.17 ,31 .34 ,23 •13 .18
-.23 -.17 0 .13 .12 ♦07
90 105 120 135 150 165
♦33 ♦29 ,3 .4 .5 .52
.43 ♦34 ♦37 .6 .81 ♦81
♦1 ♦Go ♦08 .21 .31 .29
♦05 .04 .13 .25 .32 ,29
♦91 *85 ♦86 1,02 1*21 1.29
.61 ♦63' ♦73 .39 ♦99 1.03
♦81 .8 .73 .81 ♦9 1
♦14 .11 ♦ 14 .24 ♦31 .31
• 0 ♦64 .64 .61 •63 ♦7
♦18 .29 ♦36 .29 .18 ♦22
.21 ♦32 .34 .25 ♦17 .2
-.16 -.1 1 ♦01 .11 .1 .05
90 105 120 135 150 lo5
.34 ♦31 .32 ,39 ♦46 .48
.46 .39 *41 .73 .73
.12 ♦08 .1 .19 .27 .26
♦08 ♦03 ♦ 14 ♦23 ,28 .26
♦95 .9 .9 1.02 1.16 1.22
•68 .69 .76 ,38 ♦95 ♦98
.83 ♦82 ♦81 •8a .35 ♦96
.16 .14 ♦ 16 ♦23 *28 *23
.62 ♦66 ♦65 *63 *63 ♦69
.22 .3 .35 ,3 .22 ,24
.23 ♦32 ♦33 .27 .2 ♦22
-.11 -.07 ♦02 ,09 .08 .04
Table 6.7(b)
r * a
0 0 15 30 45 60 75
All ♦ 34 ♦43 .61 ♦62 .52 •33
AIII .62 .64 .72 .84 .97 1.03
AV:I ♦o5 ♦51 .72 .86 .39 .3
BII .76 ♦B3 ♦83 ♦77 * J/ ♦o4
BIV ♦62 ♦61 .43 .36 •D ? .75
BV ♦/& ♦91 1.04 1.13 1.16 1.13
Cl ♦27 .43 ♦57 .5 .3 .02
CIII ♦25 ♦32 .4 ♦41 .35 .23
cv .51 ♦5? ♦6 ♦52 ♦33 .22
DI ♦ 16 ♦27 ♦32 .29 .19 ♦05
DIV ♦86 ♦73 .6 ♦53 ♦57 .53
DVI 1.01 1 ♦91 .79 »6o .55
r * 1.2 5 a
0 0 15 30 45 60 75
All ♦53 ♦74 ♦93 .96 .31 ♦5^
AIII 1.01 1.03 l.U 1.23 1.36 1.46
AVI ♦57 ♦71 ♦ 99 1.19 1.22 1.09
BII 1.04 1.21 1.21 1.05 .77 ♦55
BIV ♦96 .94 ♦75 .57 . .3 1.07
BV 1.13 1.31 1.44 1/54 1.57 1.53
Cl ♦3? ♦7 .83 .73 ♦44 *03
CIII .3? ♦5 ♦62 ' .64 ♦54 .37
CV ♦71 ♦82 .32 ♦71 •51 .36
DI .22 ♦39 .45 .41 ♦27 ' .07
DIV 1.13 1.05 .92 .36 .91 .36
DVI 1.37 1.34 1.25 1.13 1 .39
r « 1.5a
& 0 15 30 45 t>0 75
All .54 ♦75 .94 .96 .32 ♦ JJ
AIII 1.05 1.07 1.12 1.19 1.27 1.33
AVI .59 .66 .9 . 1.09 1.13 1
BII .95 l.U 1.12 ♦96 .7 .56
BIV .96 ♦94 .77 ♦57 .72 ♦98
BV 1.17 1.2o 1.34 1.39 1.41 1.39
Cl ♦j8 .67 .79 .7 .42 .03
CIII .39 ♦51 .62 .64 .55 .38
CV .65 .76 ♦76 ♦65 .46 .37
DI .21 ♦37 .43 .39 .26 .06
DIV 1.09 1.01 ♦93 .9 .95 .9
DVI 1.24 1.21 ♦ * r 1.1J 1.07 .99 .92
90 105 120 135 150 165
.51 .72 .85 ♦87 ♦77 .57
1.12 1.1 1.02 .9 ♦77 ♦67
.61 ♦33 .46 ♦6 ♦63 .54
•5 .61 .62 .51 •33 .56
.88 .67 ♦74 ♦54 •33 .52
1.03 .9 ♦77 ♦67 .64 .08
♦27 .49 ♦57 .51 .31 •03
♦ 66 .49 ♦53 ♦59 .53 . 4
♦34 .42 ♦42 ♦34 ♦22 .38
♦14 ♦25 .3 ♦27 ♦17 .03
•6 .73 .86 .95 .99 ♦95
.57 ♦56 ♦6 ♦73 .36 ♦96
90 105 120 135 150 165
♦ / .99 1.18 1.2 1.06 ./ 8
1.51 1.49 1.41 1.29 1.16 1.06
.32 ♦53 ♦73 ♦93 ♦97 .33
.78 ♦95 ♦95 ♦79 •53 ♦/ 6
1.22 1.2 1.01 .74 ♦54 ♦81
1.43 1.3 1.17 1.08 1.04 1.03
. 4 ♦71 ♦83 .73 .44 .04
.49 ♦67' ♦8 ♦81 .72 ♦54
.53 .65 .65 .53 .35 ♦51
.21 .37 ♦44 . 4 .25 ♦05
.92 1.05 1.18 1.28 1.33 1.23
♦93 .9 ♦94 1.07 1.2 1.3
90 105 120 135 150 165
ir>-0 .91 1.09 1.11 .97 ♦7
1.36 1.35 1.3 1.23 1.15 1.03
♦75 .53 .74 ♦93 .97 ♦84
.79 .95 ♦96 ♦3 .55 ♦69
1.12 1.1 ♦93 ♦63 .56 .82
1.33 1.25 1.17 l.U 1.09 1.11
.38 ♦63 ♦79 .7 .42 .03
.46 .62 ♦73 .75 ♦66 .49
.54 ♦63 ♦65 ♦ 54 .37 ♦46
.2 ♦ 35 ♦ 42 .38 .25 .05
.93 1.01 1.09 1.16 1.21 1.16
.97 .94 ♦ 96 1.03 l.U 1.13
Table 6.8(a) and (b) Residual stresses given by the Perrott Model
in units of y resolved onto each {ill} 0-10/ 
slip system for various (r* 0) positions near 
an indentation in orientation E.
r a 2a
e 0 15 30 45 60 75 90 105 120 135 150 165
All ♦o5 ♦5 .6 .62 •53 ♦38 .34 .47 .58 ♦5? .51 .35
AIII ♦73 ♦73 .72 .71 .7 ♦69 ♦68 .69 .6? ♦7
C
M .73
AVI ♦4 .35 .47 .53 •6 ♦53 *38 .37 .49 ♦6 .63 ♦55
BII •5 ♦5? .6 .51 .36 ♦38 .52 .62 .62 ♦53 .38 .36
BIV .62 .61 .51 .37 .36 ♦52 ♦6 .59 .43 ♦36 ♦39 .54
BV ♦74 .73 .72 ♦71 .71 ♦71 .72 .73 .74 ♦75 .76 .75
Cl ♦22 .39 ♦46 ♦41 .25 .02 ♦22 .39 *46 ♦41 .25 .02
CIII ♦25 ♦34 ♦4 .41 ♦36 ♦26 ♦24 ' .32 ♦39 ♦4 ♦35 ♦25
CV ♦«s4 ♦4 ♦4 .34 ♦24 .25 ♦35 ♦42 ♦42 ♦36 .25 .24
HI .12 ♦21 ♦25 .23 .15 ♦03 .12 ♦21 ♦25 .23 ♦15 .03
BIV *58 .59 .6 .62 .65 ♦62 ♦6 .59 ♦53 ♦58 ♦61 ♦58
IiVI ♦62 ♦61 .6 ♦61 ♦62 ♦63 ♦66 *65 ♦63 ♦62 ♦61 .6
r a 2,5a
0 0 15 30 45 60 75 90 105 120 135 150 165
All .19 ♦27 .32 .32 .29 ♦22 ♦12 .17 .21 ♦22 ♦18 ♦ 11
AIII .42 ♦41 .33 .33 ♦23 .23 .21 .22 .26 ♦31 ♦36 ♦4
AVI ♦23 .14 .16 ♦21 .22 ♦19 ♦ 12 .19 ♦27 .32 ♦33 ♦3
BII .17 ♦22 .22 ♦13 . .11 .21 ♦28 ♦33 .33 .29 .22 .12
BIV *33 .32 ♦28 .2 .11 ♦18 .22 .21 ♦ 17 ♦13 .22 ♦29
BV ♦>i8 .27 .23 ♦22 .24 .28 .33 .39 .43 .44 .42
Cl *1 ♦18 .21 * .19 .11 ♦01 .1 ♦ 18- .21 .18 ♦11 ♦01
CIII .13 ♦13 ♦22 ♦22 .2 .15 .09 ♦ 11 ♦ 14 ♦ 15 .12 ♦03
CV .12 *15 .15 .12 .08 ' .14 ' .19 .22 .22 .19 .14 .08
DI ♦05 ♦09 .11 ♦1 .06 ♦01 .06 .1 .12 ♦11 .07 ♦02
DIV ♦21 ♦27 ♦32 ♦36 .37 .36 .32 .26 .21 ♦18 ♦2 ♦18
DVI ♦2 ♦19 ♦21 .26 .32 ♦36 ♦j3 ♦37 .34 ♦29 ♦23 ♦19
r a 3a
& 0 15 30 45 60 75 90 105 120 135 150 1&5
All *05 .07 .07 - .07 .07 ♦07 -.05 -.07 -.07 -.07 -.07 -.07
AIII .15 .14 .09 .02 -.06 r*l 2 -.15 -.14 -.09 -.02 .06 .12
AVI ♦03 -.04 -.08 -.08 -.03 -.03 -.03 .04 .03 .08 .08 .08
BII -.03 -.03 -.08 -.03 -.07 ♦06 .08 ♦03 .03 .08 .07 -.06
BIV .08 .03 .03 ♦ Ou -.03 -.03 -.03 -.03 -.08 -.05 .08 .08
BV ♦07 0 -.08 -.14 -♦16 -.13 -.07 0 .08 .14 .16 .13
Cl 0 0 0 0 0 0 0 0 0 0 0 0
CIII .03 ♦05 .05 .05 ♦05 .05 -.03 -.05 -.05 -.05 -.05 -.05
CV -.05 -.05 ~.0i -.05 -.05 .05 1• .05 •Oo .05 .05 .05 -.05
DI -.01 -.01 -.01 -.01 -.01 -.01 .01 .01 *01 .01 .01 .01
DIV -.03 0 .03 .13 .13 .13 .08 0 -.08 -.13 -.13 -.13
DVI -.13 —♦ 13 -.09 -.02 ♦Oo ♦ 12 ♦ 13 .13 ♦09 .02 -.06 -.12
Table 6.8(1d)
Or 0 15 30 45 60 75 90 105 120 135 150 165
All *16 .13 .26 .35 .37 .33 ♦23 .1 .19 .23 .31 .26
AIII 0»*» .11 .od .55 ♦57 .45 ♦2 ♦ 11 .33 ♦54 .57 .44
AMI ♦ Id .13 .23 .36 .35 ♦27 .12 .2 .34 .42 ♦41 .33
BII ♦94 1.01 1.01 .95 .35 .73 .62 ♦56 .56 .61 ♦72 ♦34
BIV ♦ 4? .37 .6 .79 .89 .88 .75 ♦5i .33 .52 .63 .61
BV .78 ♦64 .41 ♦3 .5 .61 .59 ♦45 .24 .49 .69 .8
Cl ♦45 .42 .47 .53 .69 .76 .78 .74 .66 .55 ♦44 ♦44
CIII ♦22 .11 .17 .25 .28 .24 .16 ' .12 .23 .32 ♦34 .31
CV .57 .49 .5 .5 .57 .68 ♦79 .86 .89 .36 ♦78 .67
BI ♦5? .75 .79 .71 .53 .3 .4 .56 .6 .52 ♦34 .37
BIV ♦57 ♦44 .59 .65 .6 .45 .56 .76 .92 .98 ♦93 ♦78
DVI 1.16 l.U 1 .36 ♦74 .65 .64 .63 .79 ♦?3 1.06 1.14
r = 2. 2 5 a
& 0 15 30 45 60 75 90 105 120 135 150 165
All ♦25 .18 .36 .43 .52 .46 ♦32 ♦15 .29 ♦42 .46 .4
AIII ♦29 .16 .55 .79 .83 ♦64 .29 .15 .54 .79 .82 .64
AVI .25 .21 .41 .53 .52 .4 ♦19 ♦27 .47 .5? ♦59 .46
BII 1.29 1.36 1.36 1.3 1 1.2 1.03 .97 .91 .91 .96 1.07 1.19
BIV ♦76 .57 .8 1.08 1.23 1.21 1.03 .75 .54 .8i .96 ♦94
BV 1.09 .88 - ♦ j6 .47 .77 ♦92 ♦9 ♦6? .33 .66 ♦96 l.U
Cl .73 ♦67 .72 '.84 ♦94 1.03 1.06 1 ' .91 .8 .69 ♦7
CIII ♦31 .16 .26 .33 ♦41 ..37 ..24 ♦ 17 .32 .44 *48 .43
CV .37 ♦79 .81 .8 ♦83 .98 1.09 1.17 1.2 1.16 1.08 .98
DI .82 1.04 1.1 .99 ♦73 ♦45 .62 ♦85 .91 .8 .54 .52
BIV .82 .71 .93 1.01 .94 ♦72 .81 1.03 1.26 1.34 1.27 1.05
DVI 1.57 1.51 1.4 1.26 1.14 1.05 1.05 1.03 1.19 1 1.46 1.55
r =* 2.5a
er 0 15 30 45 60 75 90 105 120* 135 150 165
All .25 .17 .33 - .45 ♦49 .43 .29 .15 .29 ♦41 .45 ♦39
AIII .28 .15 ♦52 .76 .79 .62 .28 ♦15 .52 .76 ♦79 ‘ .61
AVI .23 ♦21 .41 .52 ♦51 ♦3? .19 ♦25 .44 .55 .55 ♦43
BII 1.18 1.22 1.23 1.19 1.13 1.05 ♦99 .95 ♦ 95 .93 1.04 1.12
BIV ♦78 .58 .72 ♦99 1.13 1.12 .94 .69 .56 .83 .97 .95
BV 1.01 .81 .51 .43 ♦77 .92 .39 .7 .4 .6 .89 1.03
Cl .76 .*7 .73 .79 .36 ♦93 ♦96 .9 .84 .77 .71 ♦73
CIII •28 .15 ♦26 .37 .41 ♦<}6 .24 .16 .3 .41 ♦45 .4
cv •97 .53 .84 *00 .38 .94 1*0! 1.05 1.08 1.05 1 * .94
BI »/ 5 ♦96 1.03 .92 .67 ♦44 .63 .85 .91 .8 *55 .48
DIV ♦79 .73 .95 1.03 .96 .75 .78 .93 1.15 1.23 1.16 .95
DVI 1.41 1.33 1.31 1.22 1.14 1.09 1.0? l.U 1.18 1.26 1 .o4 1.4
Table 6*9(a) aad- (k) Residual stresses given by the Perrott Model
in units of y resolved onto each {lliJ^llO^ 
slip system for various (r? &) positions near 
an indentation in orientation F.
r = 2a
0 ) 15 30 45 60 75 90 105 120 135 150 165
All .16 .0? .18 .25 .27 .24 .16 .09 .18 .26 .28 .24
AIII .16 .09 .31 .44 ♦4o •36 .16 .09 .31 .44 ♦46 •36
AVI .12 ♦ 14 .25 .32 .31 .24 .13 .13 .25 ♦31 .31 .24
BII .62 .62 .61 .62 .63 .64 .65 .66 .66 .65 ♦ 64 •63
BIv .51 •33 .36 .52 .6 ♦59 .49 .36 .39 .54 .63 .62
BV ♦55 ♦43 .26 .33 ♦49 .58 .56 ♦45 .27 .31 .48 •56
Cl .52 .48 .47 .46 .45 .47 .49 .46 .45 .46 .47 *5
CIII ♦15 .09 .17 .23 .25 .23 .16 ‘ .09 .16 .23 .25 .22
CV .56 .57 .53 .57 .56 .55 .54 .53 .55 .53 .54 •55
DI .39 .52 •5o .49 .35 .27 .41 ♦54 ♦57 .51 .36 .27
DIV .46 .5 .63 .67 .63 .51 ♦46 .47 .6 .65 .6 .48
DV!I .71 ♦71 ♦72 .73 .74 ♦75 ♦76 .75 .74
C
M .71 ♦71
r a 2#5a
0 0 15 30 45 60 75 90 105 120 135 150 165
All .09 .04 .07 .1 .11 ♦09 ♦06 .05 .1 .13 .14 .12
AIII ♦07 ♦04 .14 .2 .21 .16 ♦07 .04 .14 .2 .21 .16
AVI ♦04 ♦07 .12 .15 .15 ♦12 .07 .05 .1 .13 .13 ♦1
BII ♦22 .19 ♦ 19 .21 , .26 ♦31 .35 .38 .33 .36 ♦31 .26
BIV ♦28 .2 .11 .13 ♦22 .22 .17 .13 .22 .29 ♦33 .33
BV ♦21 .16 .08 .18 ♦•26 .3 .29 .24 ♦ 16 .1 ♦18 .22
Cl ♦29 .28 .24 • .2 ♦15 .15 ♦16 ♦ 14 ♦ 17 .21 .26 .29
CIII ♦06 .04 .09 .12 .13 .11 .08 ♦04 .06 .09 .1 ♦09
CV .29 .j3 .34 .32 .29 .25 ♦2 ♦ 17 ♦ 17 .17 ♦2 .25
DI ♦ 14 ♦2 .21 .18 ♦12 .14 .22 .23 .2? .27 .2 .11
DIV ♦2 ♦29 .34 .37 .♦35 .29 ♦21 .15 .21 .23 .21 •16
DVI ♦i4 .28 .34 .39 ♦43 ♦44 .42 .37 .31 ♦26 .22
r- *s» 3 a
0 0 15 30 45 60 75 90 105 120 135 150 165
All .02 -.01 -.02 . -.02 -.02 -.02 -.02 *01 .02 .02 .02 .02
AIII 0 0 0 0 0 0 0 0 0 0 0 0
AVI -.02 .02 .02 .02 .02 .02 .02 -.02 -.02 -.02 -.02 -.02
BII -.09 -.13 -.13 -.1 -.04 .03 .09 ♦ 13 .13 .1 .04 -.03
BIV .08 ♦0d -.08 -.08 -.08 -.03 -.03 -.05 .03 .03 .08 .08
BV -.06 -.06 -.05 .06 .06 .06 .06 .06 .05 -.06 -.06 -.06
Cl .1 .1 .06 -.01 -.07 -.1 -.1 -.1 -.06 .01 .07 .1cm -.02 '0 .02 .02 .02 .02 .02 0 -.02 -.02 -.02 -.02cv .07 .11 .12 .11 .06 0 -.07 -.11 -.12 -.11 -;06 0
DI -.06 -.06 -.06 -.06 -.06 .02 .06 .06 .06 .06 •06 -.02
DIV 0 .1 .1 .1 .1 .1 0 -.1 -.1 -.1 -.1 -.1
DVI -.15 -.13 -.06 .02 .1 .15 .15 .13 .06 -.02 -.1 -.15
TaWe 6*9(-b)
Glide Glide Maximum
System Direction Plane Stress
1 IV \JL o 3 (i i 3 1.0000
C I 
A VI
C ° 1
i
i i
i
( . I T  i ) 
( i l l )
.7921
C  1 
Cl 1
0 ( l  0 O') 
(o  0 l )
.7245
C 111 
A 111
C  0
£ i 0
3
3
( l i  i) 
( i ! l )
.6941
& 0 3 (o  1 o ) .5774
B V 
B 11
f i i
C ° 1 d
( l  1 l )  
( l  1 1)
.5000
t i 1
C° i
d
i ]
Co 0 l )  
C i o o )
.4741
C V 
A 11
£  i  
lo 1
3
3
( i l  i>  
{ i l l )
.4602
D IV ° 3 (T i  t ) .3333
C l 0 3 Co 1 o ) .2597
D 1 
D VI
C° i
C i i
3
o l
C i  i T )  
C T i T )
.2472
Table 7*1 Maximum glide stress on system B1V due to an isolated 
edge dislocation on each secondary system. Listed in 
descending order. Stresses are in units of Gb/2tr (1-V-) 
(Where R is radial distance from dislocation axis).
Matrix
Surfade^^  
roughness
PSB
Matrix
/
ft)
/
/
/
ft)
Fig.2.I Surface profile or a (a) early ( r\ < lOuu cycles) 
and (Id) later ( n  ^  5 x 10 cycles)*
Volume fraction of PSBs
100%
PSB
Figc 2.2 Shows the idealised cyclic stress - strain 
curve of copper single crystal specimens.
Clam p
To Eccentric 
wheel and 
motor
Specimen
Pig* 3*1 Diagram of fatigue testing system.
(a)
(*>)
Fig* 3*2 (a) and (h), Specimen shapes considered
during development of the fatigue testing 
system.
2 m m £
I4mml 15mm34 mm
Thickness 2mm
(a)
/K
/ A
O n
(*)
I
I
\l/
Pig* 3*3 (a) Shape and dimensions of the specimens
■used in the fatigue tests*
(h) Clamping arrangement at the narrow end 
of the specimen*
18mm
To Lowering Mechanism
To Rotary Pump
Clamp
Alumina Tube
750 mm
Mould
540 mm
Furnace
Plug
i
50mm
Pig* 3*4 The apparatus used to grow crystals*
16mm
  ----
32-8mm 7-2mm(a) 15mm
~ > F
16mm
a L _
16mn^
“f
2 mm
10mm 32-8mm 20 mm 32-8m m
7-2mm 7-2mm
(*)
18mm
11mm40 mm34mm
Pig# 3*5 Shapes and dimensions of moulds used to grow 
single crystals (a) was used to grow randomly 
orientated crystals (h) used to grow pairs of 
similarly orientated crystals and (c) used to 
grow crystals from seed.
d(a)
b
-►to
(*)
(°)
Pig. 3*6 (a) Identifies (Q,ot) co-ordinate system used to
identify positions on the specimen surface and the 
directions to, t*. and to.
(b) shows directions t (unmarked circles), t^ and 
:tg in the standard stereographic triangle for
crystals of orientation E -JJ.
(c) shows directions tQ, t^ and t^ in the standard 
stereographic triangle for orientation K.
Pig* 3
BIV.5-
s
AIM
.4-
B V
AVI
E
.5- BIV
S
All.4-
tl to t2
.5-
BIV.4-
t l to t2
BIV.5-
s
All!
.4-
t2to
BIV
S A  III
.4-
All
toti 12
Schmid factors as a function of the angle "between 
the stress axis and the central axis of the specimen 
(t0) for the most highly stressed slip systems in 
orientations E to J respectively, tl and t2 are the 
edges of the specimen (see fig# 3*6).
/
/
/
p /
45° ± 6
90° ± 6
R
Fig* 3»8 Relationship of (a) S-type indent (‘S'-sides 
parallel to ajces) and (d) D-type indent 
(•D*-diagonal parallel to axes) to central 
axis of specimen (t0)*
Figc 3
i i
i i
i
i
9 Defines (r,$) co-ordinate system used to 
identify regions near indentations and 
etch pits#
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Fig. 3*12 Shows number of cycles to saturation as a function 
of the plastic strain amplitude for copper single 
crystals which have a Schmid factor of 0.5 (from 
Mughrabi (6) )
150pm
Vi^ ^ c / d
150pm
b
Fig.4.1
(a) D-type and (b) S-type indentation showing slip lines 
producat by indenting
1 n=4.5x105
l50|im I
2 n= 5.3x10°
3 n=7.1x105
Fig.4.2
Development of PSB’s near edge AB 
of specimen E t‘t ’ shows specimen 
edge direction.
1 D1U 2 S2U
/
/'
iso \im I50(jm
4 S4U3 D3U
Fig. 4.3 PSB Distribution after 71 x105cycles near indentations 
in specimen E1.
5 n»1.3x1051 n=7.2x103
2 n=1.2x104
n=2.5x104 7 n =4.5x105
4 (1 = 5.9x104 8 (1 = 7.1x105
pjq 4  4
Development of PSB distribution dose to indent S4U in specimen E1.
c  ■
■ %
—
la /
n
. /  / f
* * *
Iso |j ml
1 n=3.8x104 4 n=3.7x105
5 n = 5.3 x 1052 n=9.2x104
3 n=1.7x10s 6 n= 7.1x10s
Fig 4.5 Development of PSBs which propagate to large distances 
from indent S4u in specimen E1.
I  ^ "list*
> ' Isojjm I 
1 n= 7.2x103
o
n=1.2x10
3 n=2.5x104
Fig.4.6 (a)
n=5i9x104
n=15x105 10
Fig. 4.6(B)
(A)&(B); Comparison of development of PSB distribution near S- and D-type 
indentations in specimen El.
'1-5) show D1U,
6-10) show S2U.
100pm
n=3.8x10
n=9.2x10'
♦
3 n= 1.2x105
4  n*3.7x105 8
Fig 4.7
Comparison of development of PSBs near typical D-type and S-type 
indentations in specimen E; (1-4)show indent D1U,(5-8) snow S2U.
50 iirrJ
(b)
Fig.4.8
(a Slip produced by indenting,and (b) PSB distribution 
after 2.5x104 cycles near indent S4U in specimen E1.
hOOpm
Fig.4.9
Identification of propagating PSB’S near 
indent D3U of specimen E2.
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PSB distributions near unannealed indentations in different orientations 
of crystal. Specimens shown in (1-3) cycled at Et=aix1(M
(4-6) at Et= 9x10-4
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Fig.4.15
(a) Slip produced by indenting, and (b) PSB distribution after 
3.2x104 cycles near indent H1.D1U.
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Fig.4.16
Comparison of (a) slip produced by indenting and(b) PSB distribution 
after 1.2x104cycles for an unannealed indentation 
in specimen F1.
4 n=1.9x105
Fig. 4.17
Comparison of development of PSB distribution near different sized 
indentations in specimen H1.
1-4 show D1U (d=239pm). (5-8) show D2U (d=85pm).
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Fig. 4.19 (A)
k
i
kopm I
6 7.1x103
%
•
 ^ <1
i
Ci
7 1.3x104
9
/VJ J
%
■ .  iJ‘. *  $
■ .7 0
/ /  *
1 6 /
*Jk
8 25x104
9 5.9x1044 5.9 x104
5 4.5x10s 10 4.6x105
Fig. 4.19 (B)
(A) &(B); Comparison of development of PSB distribution near indentations 
which have been polished back by different amounts in crystals 
of orientation E.
1-5 show E1.D3U which was 10um deep.
6-10 show E2.D3U which was 3pm deep.
1 n=3.8x104
jtOOumj
5 n=3.9x104
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6 n=9.4x104
m
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¥
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Fig.4.20;
Comparison of development of propagating PSB’s near indentations which 
have been polished back by different amounts in crystals of orientation E. 
1-4 show E1.D3U which was 10pm deep 
5-8 show E2.D3U which was 3pm deep.
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Fig. 4.24
S d a S fa S °f PSB distributions near P°lished and unpolished
1-3) show F1S5U,
(4-6) show F2.S5U(P)
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Fig 4.26
Comparison of development of PSB distribution near unannealed and 
annealed D-type indentations in specimen F1;(1-4)show D1U,(5-8)show 
D2A.
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bopm 1 feoum I
n=6.3x103 5
X
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Jr 9 f i/  jl \
y jjfb t U ’
X  >
2 n=1.2x104 6
4 n=3.6x104 8
Fig 4.27
Comparison of development of PSB distribution near unannealed and
annealed D-type indentations in specimen F1; (1-4) show D3U, (5-8) show
D4A.
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Fig.4.28
Comparison of development of PSB distribution near unannealed and 
and annealed S-type indentations in specimen F1;(1-4)show S5U, 
(5-8) show S6A.
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l50|im I
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Fig. 4.29
Comparison of development of PSB distribution near unannealed and 
annealed S-type indentations in specimen F1;(1-4)show S7U,
(5-8) show S8A.
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Fig. 4.30
Development of PSB’s near D-type indentations in specimen F1; 
(1-4) show distributions at 1.8x104 cycles,
(5-8) show distributions at 3.6x104cycles.
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Development of ptopagating PSB’s near S-type indentations in specimen F1. 
(1-4) show distributions at 1.8 x104 cycles,
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Fig 4.32
PSB’s within annealed S-type indentations in 
specimen F1 at 3.6 x104 cycles.
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Comparison of (a) slip produced by indenting and (b) PSB distribution 
after 1.2x104 cycles for an annealed indentation S8A 
in specimen FI.
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Fici 4 38PnmDarison of PSB distribution near annealed and unannealed 
indentations which were polished back. 1-4) show F2.D3U(P),and
(5-6)show F2.D2A(P).
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Fig. 4.39
1-3 show development of PSB distribution near indent GlD2U,and 4-5 show 
PSB’s near etch pits in specimen G1. Etch pit positions in (l,oc) 
co-ordinates are (4) (32mm,10"), (5) (30mm,6°).
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Fig* Models of the mechanism of indentation
(a) the expanding cavity model and (h) 
the Perrott Model.
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(A) Slip produced by indenting and (B) 2 most highly stressed slip 
systems predicted by perrott model for regions outside an indentation 
in orientation E.
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Pig* 5*5 Identifies regions Q1 - Q4 near (a) an 
S-type and (t>) a D-type indentation#
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Pig* 5*6 Geometry of slip according to the Dyer Model.
The set of planes marked PI are part of the 
diverging pyramids which lower material from 
the surface; the planes marked P2 belong to 
the converging pyramids which raise material 
towards the surface.
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Pig. 5*7 Arrangement of planes forming (a) the diverging 
(h) the converging pyramids in orientation P.
The shaded areas show the intersection of the 
Thompson Tetrahedron to the surface; the relation­
ship between an S-type indentation and the slip 
planes at the surface is also shown.
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Arrangement of planes forming (a) the diverging and
(b) the converging pyramids in orientation P. the 
shaded areas show the intersection of the Thompson 
Tetrahedron to the surface; the relationship between 
an S-type indentation and the slip planes at the 
surface is alson shown.
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Pig* 5*9 Arrangement of planes forming (a) the diverging and
(b) the converging pyramids in orientation H. The 
shaded areas show the intersection of the Thompson 
Tetrahedron to the surface; the relationship between 
a D-type indentation and the slip planes at the 
surface is also shown.
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Pig# 5*10 Shows extent of diverging pyramids relative
to the size of the indentation and the region 
where converging pyramids commence.
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Pig. 6.2 Tangential stress distribution at the edges 
of square and circular holes.
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Pig* 6,3 Stress concentration contours near square holes 
in orientation E; (a) and (h) show the stress 
resolved onto the primary system (B IV) for a 
D-type and S-type hole respectively; (c) shows 
stress on the system A 111 on the critical plane, 
numbers on the curves are the K values.
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Fig. 6.4 Stress concentration contours for the primary 
system (B IV) near (a) D-type and (h) S-type 
holes in orientation P. The numbers on the 
curves are the K values.
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Fig. 6.18
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(a) PSB distribution near an annealed indentation 
in orientation F (FI S8A) after 1.2 x 10 cycles 
superimposed on the stress concentration contours 
for the primary system near an S-type hole.
(h) PSB distribution near an etch pit in orientation 
G after 4»5 x 10 cycles superimposed on the stress 
concentration contours for the primary system for 
a circular hole.
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Pig. 6.19 Comparison of PSB distri"butions near
unannealed indentations with the stress 
concentration contours on the primary 
system near S-type holes in (a) orientation E 
and (h) orientation P. PSB distributions shown 
are those near (a) El S4U after 2.5 x 1C)4 cycles 
and 'b' PI S U after 1 2 x 0^
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Fig, 6,20 Comparison of PSB distrit>ution near unannealed 
indentations with stress concentration contours 
for the primary system arising from a hard 
circular inclusion centred on an indent for 
orientation E and P. (a) shows El S4U after
2,5 x 10^ cycles and (h) shows PI S5U after
1,2 x 10 cycles.
Pig, 6,21 PSB distribution after 2,5 x 10 cycles near a 
“typical indentation (E1,S4U) in orientation E 
superimposed on the (r* O) co-ordinate system.
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Fig. 6.24
-1.5
-1.5
PS1 distribution near E1.S4U after
2,5 x 10 cycles superimposed on the 
peak nett stress concentration contours 
on the primary system in orientation E 
obtained by combining the effect of stress 
enhancement due to a hard circular zone 
centred on the indent and residual stresses 
(Perrott Model) for (a) the tensile half 
cycle and (b) the compressive half cycle.
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Fig.6.25
PSB distribution near FI S5U after 1*2 104 cycles superimposed on
the peak nett stress concentration contours on the primary system in 
orientation F' obtained by combining the effect of stress enhancement 
due to hard circular zone centred on the indent and residual stresses 
(Perrott Model) for (a) the tensile half cycle and (b) the compressive 
half c ole#
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Fig. 7«1 PSB distribution near indent E1.S4U after
2.5 x 10 cycles superimposed on the contours 
of peak nett stress, resolved on the primary 
system, for the tensile half cycle due to 
residual stresses (Perrott Model) combined with 
stress enhancement near a hard zone. Also shown 
are the indentation slip zones predicted by the 
Dyer Model.
25
Pig. 7*2 PSB distribution near indent F1.S5U after
1.2 x 10 cycles superimposed on the contours 
of peak nett stress, resolved on the primary 
system, for the tensile half cycle due to 
residual stresses (Perrott Model) combined with 
stress enhancement near a hard zone. Also 
shown are the indentation slip zones predicted 
by the Dyer Model.
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Pig. 7*3 PSB distribution near PI S8A after 1.2 x 10
cycles superimposed on the stress concentration 
contours on the primary system (B IV) for 
fatigue and the indentation slip zones given 
by the Dyer Model.
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APPENDIX A.
Calculation of the Strain Distribution at the Surface of the Test 
Specimens.
(i) Strain Distribution in Terms of the Applied Load.
In this appendix the distribution of strain along the axis 
of the specimen shown in fig. 3*2(b) is calculated for loads applied 
at the points marked A, B and C.
The surface strain at any point along a beam in bending is 
given by the expression
* = § r (a-1}
where R is the radius of curvature at that point and t is the 
thickness of the specimen. The radius of curvature rr.ay be obtained 
from the following expression
R = -jp (A-2)
where E is the Young’s modulus of the material, H the bending moment 
and I the moment of inertia of the cross section. Combining expressions 
(A*l) and (A*2) gives
% = (A* 3)
(i) Load applied at A.
For this case
H = Px (A*4)
v/here P is the applied load and x the distance from point A. The 
contribution to H due to the weight of the specimen was neglected.
For the rectangular section of the specimen 
I = b t3' /6 (A*3)
where b is the width of the narrow end of the specimen. Substitution 
of the expressions for H and I (equations (A**0 and (A*5)) into 
equation (A*3) gives
8 • U-6)
For the triangular section of the specimen
1 = (x - xq) tanct t5 /6 (A.7)
v/here x-^  is the distance between A and B and 2cL is the angle between 
the edges of the specimen. Thus
2 = E td U n o c  (X - Xq)
(ii) Load applied at B.
For this case
H = P (x - xl) (A-9)
and I is given by equation A 7 Substitution of these expressions for
M and I into equation (A*3) gives
3 P
2 = E banoL (A.10)
Thus the strain is uniform along the specimen axis.
(iii) Load applied at C.
For this case
H = P (x - x2 ) (A.11)
where x2 is the distance between A and C. I is given by equation
(A.7). Substitution of:equations (A.7) and (A.11) into equation (A.3) 
gives
3p (x - x2 )
2 = ^ j -u -------r (A. 12)
E t a n  oC (x - xq)
Fig. A.l shows the distributions of strain along the
specimen for loads applied at A, B and C where AC = 3AB.
(2) Strain distribution in terms of the deflection of the
specimen when the load is applied at B.
The radius of curvature at any point on the surface may 
be obtained using the expression
w 2
1  y / . 1 -Z \
R (A.13)
where y is the displacement perpendicular to the initial plane of 
the surface. Combining this equation with equation (A*2) gives
* 2Y =
<b~x^  El (A.1*0
For a load applied at B the appropriate expressions for H and I are
H  =  P X
I = X fcomoL tS /6 (A. 15)
where x is measured from point B. Substitution of these expressions 
into equation (A.l^ f) gives
w  = 6 P . (A.16)
^ x^ E bo^oit^
By solving equation (A.l6) for y and applying the boundary conditions
\ Z  = o and y = 0 (A. 17)
^ x
at the fixed end of the specimen where x = £, the following expression 
is obtained.
y = — ----- , (x - e)2 (A.18)
E b cxr\ oL t
Substitution of this expression into the equation for surface strain
Thus for a deflection h at B (x = 0) this becomes 
t = jpr (A.20)
8OJ
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Appendix B.
Stress Distribution near a Square Hole in a Plate in Tension.
1. Outline of Model.
This appendix contains an outline of the method used by
Greenspan ( 58 ) to obtain the stress distribution around square
holes with rounded corners. The hole is considered to be in a plate
which is in a state of generalised plane stress with the stress at
points remote from the hole having the constant components
cr = Sx 
x
-  = Sy
cr- = o
z
X  = Tky 
xy
X = X = 0  (B.l)
xz y z
The method may be applied to any hole whose boundary can be expressed 
in the parametric form
x = P cos + S c o s ^ [ i
y = ^ s» n. “ S s >n "2> J3 (B.2)
By adjustment of P, q and S a variety of simple closed curves is 
obtained. The choice of
P = q = 1, s = +  0. l*f (B.3)
provides a good approximation to a square with rounded corners (Fig. 6.1) 
For s = -0.1*1 the sides of the square are parallel to the axes of the 
co-ordinates and for s = +0.1*f the diagonals are parallel to the axes.
A stress function which satisfied the conditions of 
equilibrium and compatability was constructed and the boundary conditions 
equations (B.l) and the additional condition that only tangential
stresses exist at the edge of the hole, were applied. Stresses 
outside square holes may be computed by using Greenspan’s equations 
20-23. These are written in terms of the ( ot; p> ) co-ordinate system 
described in the next section.
2. The (a. , j3 ) co-ordinate system.
The analysis of the stress distribution was simplified by 
using a curvilinear co-ordinate system ( oL, ) which reduced the
boundary of the hole to the form oc= ot0 . Curvilinear co-ordinates 
define the points at which two sets of curves f^ (x^ y) = oC and 
(x y) = |3 (B.*0 intersect. These functions are obtained by
equating the real and imaginary parts of both sides of 
W = f (z) (B*5)
where
W = oL + i |3 )
) (B-6)
Z = x + iy )
This transformation from the W plane to the Z plane is conformal, thus 
the two families of equation (B**0 are orthogonal.
The transformation function used in this analysis is
„ w -w 3 -3W
Z = e + a b e  + a c e (B*7)
Equating the real and imaginary parts of this gives
f oL I — cU. \ _ 3  oi.
X - v, + a b  Q. / cos p  + G- c. <2_ cos 3 [3, 
y = (a* - a b  (B* 8)
Equating these equations ( 3 - 8 )  with the equations for the boundary 
of the hole (B*2) gives
For the case of a square hole P = q = 1 and S = + 01*K Substituting 
the values of P, q and s appropriate to a square hole (equation B*3) 
into equation (B*9) one obtains
a  ° = i 
a b = 0
a c5 = + 0*l*f (B.10)
3
By keeping the values of a b and a c fixed and varying oL and 
the appropriate co-ordinate system is obtained, fig. 6*1. For large 
oC , the co-ordinates ( ot; ^  ) approach the polar co-ordinates 
(r , ©• )
nr\ oL = Ln r
ot ->oO
uin = 9"
oC CO
The inclination \y of the curve =constant to the x axis 
is given by
i * 'fU "2: - J_
d W K (B.11)
where ^ is the stretch ratio of the transformation. Thus for a square 
hole
Va.w - -s<xc?a’ W (B-12)
h
where W = di + jc |3 Equating the real parts of both sides of 
equation (B.12) and re-arranging gives
^  - "L oi. "1
c o s ’1 [v, (2- c. o <b ^  cxc. g. c o s  j (b *13)
3
An expression for h in terms of cj } and ac is obtained by squaring 
both sides of equation (B.12) and equating the real parts
h = ( Q, + 9(ac^)^<2. - 6ac^£L ^ cos. v, ^  ^ (B.14)
3. Relationship of ( a. ) |3>) co-ordinates to (r , 8 0  co­
ordinates.
In Chapter 6 regions near a square hole were conveniently- 
referenced by ) co-ordinates. These may be converted to the
( r , 0- ) co-ordinates generally used in this thesis (fig. 3*9) by the
following expressions.
r - [  + s ^  ** + x s  ( ^ cos v+pl
8 = Tai\  ^ <2- sin|5 —  CL C 3 ( fl- ^  ) s \ r\ ~S |
L J2.°^ cos ji + a c 3 ( CL*') '=> \ A J (®*15)
Tables B.l and B.2 list the ( r> 8- ) co-ordinates corresponding
to the ( 0.°*") ) co-ordinates referred to in tables 6.1 - 6.4. Table
B.l is for an S-type hole (ac^ = - 0.14) and B.2 is for a D-type
hole (ac^ = + 0.14).
c*
e = 1
0£
e a 1.25 _
OC
e = 1.5
r/ a 0 r/a e r/a G
0 • / 5 0 1.05 0 i.:s 0
i5 .32- * 1.07 IS 1.3 16
JO • 95 56 1 * 1 4 33 i * 33 31
+5 1 ♦5 1. lo + j 1.35 -f5
>0 .95 54 I 4 —i#XJ 57 1. 3j 59
5 .82 63 1.07 / 2 L. 3 74
'J0 »/ 5 90 1 ♦ 0u 90 1.28 90
105 . S2 112 1.07 103 1.3 106
120 ♦ 95 126 1.13 123 1 * 33 121
135 1 135 1.16 135 1.35 135
150 • 95 144 1.13 147 1.33 149
165 ♦ 82 153 1.07 162 1.3 164
0c OC OC
e = 2 e = 2.5 e - 3
P r/a e r/ a e r/a e
0 1.7* 0 2.19 0 2.63 0
15 1.75 15 2.19 15 2*63 15
30 1.76 30 2.2 30 2.63 30
+5 1.76 45 2.2 45 2.64 45
1.76 60 2.19 o0 2.63 oO
75 1.75 75 2.19 75 2.63 75
?0 1.74 90 2.19 90 2.o3 90
105 1.75 105 2.19 105 2.63 105
120 1.76 120 2.2 120 2.63 120
135 1.76 135 2.2 * 135 2.64 135
150 1.76 150 2.19 150 2.63 150
165 1.75 165 2.19 •165 2.63 1 o5
Table B.l (r, 0) values corresponding to (e%p) 
values for an S-type hole.
ol
e = 1
oLe = 1.25
06e = 1 .5
p r / a 0 r / a e- r / a e-
0 1 0 1.16 0 L.35 0
15 ♦ v5 9 1.13 »  ^u 1.33 14
30 r, r- ♦ \Ji, 23 1.07 27 1.3 29
+5 ♦ / 5 4 4 t . 03 45 1.28 45
60 ♦ 62 67 1.07 o3 1.3 ol
75 ♦ 95 82 1.13 78 1 • 33 76
90 1 90 1.16 90 1.35 90
105 .95 99 1 . 14 102 1.33 104
120 *S2 113 1.07 117 1.3 119
135 ♦ 75 135 1.03 135 i-2 S ‘ 135
150 *82 157 1.07 153 1.3 151
165 .95 172 1.13 163 1.33 166
e^ = 2 e** = 2 .5  ' e^  = 3
P r / a e- r / a 6- r / a B
0 1.77 0 2 .2 0 2.o4 0
15 1.76 15 2.2 15 2.04 15
30 1.75 30 2.19 30 2.o3 30
45 1.74 45 2.19 45 2.63 +5
80 1.75 60 2.19 60 2.63 oO
75 1.76 75 2.2 75 2.63 / 5
90 1.77 90 ? ^ 0 90 2.64 90
105 1.76 105 2.2 105 2.63 105
120 1.75 120 2.19 120 2.63 120
135 1.74 135 2'. 19 135 2.63 135
150 1.75 150 2.19 150 2.63 150
165 1.76 165 2.2- 165 2.63 165
T ab le  1 ,2  (r ,9 -)  values corresponding to  (e ^ , p)
values fo r  a D -type h o le .
